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Chapter 1 
Introduction 


We are concerned with M-valued backward stochastic differential equations (BSDEs) in 
the continuous seniiniartingale framework 

= e + ^ {F{s,Y,,Zs)dA + gJ{N),)- (ZsdMs + dNs), (1.1) 

where the generator F{t, y, z) has at most quadratic growth in 2 ; and 5 ^ is a progressively 
measurable integrable process. For this reason, (1.1) is called quadratic. We call an 
adapted process (F, Z, N) a solution to (1.1) if Y is continuous, Z is progressively mea¬ 
surable and integrable with respect to the fixed continuous local martingale M, and N 
is a continuous local martingale strongly orthogonal to M. In particular, if the filtration 
is generated by a Brownian motion W, (1.1) becomes the classic BSDE with = t, 
M = W and N. = 0. 

Let us recall that, quadratic BSDEs are first studied by Kobylanski [22]. Existence 
and uniqueness, comparison theorem and stability results are proved, when the ter¬ 
minal value is bounded. Later, Briand and Hu [ 8 ], [9] extend the existence result by 
assuming that the terminal value has exponential moments integrability. Moreover, 
a uniqueness result is obtained given a convexity condition as an additional require¬ 
ment. Afterwards, Morlais [26] and Mocha and Westray [25] extend all these results 
to continuous semimartingale setting under rather strong assumptions on the generator. 
Recently, for Brownian framework, Bahlali et al [1] constructs a solution to quadratic 
BSDEs with the terminal value in and the generator F(t, y, z) satisfying P-a.s. for all 
{t,y,z) G [0,T] X M X M'^, 

\F{t,y,z)\ < a + f3\y\ + 7 |z| + /(||/|)|zp, (1.2) 

for some 0,13,^ > 0 and /(| ■ |) : M —?• M which is integrable and bounded on compact 
subsets of M. However, as to the uniqueness of a solution, only purely quadratic BSDEs 
are studied. 
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As a natural extension of these works, this paper is devoted to answering the follow¬ 
ing questions: 1. Does existence and uniqueness hold for BSDEs satisfying (1.2) with 
terminal value in for a cetain p > 0 ? 2. Can one establish the solvability of quadratic 
semimartingale BSDEs in a more general way under weaker assumptions ? 

In Chapter 2 we address the hrst question. We prove an existence result, by merely 
assuming that the generator is monotonic at y = 0 and has a linear-quadratic growth in 
of type (1.2), and that the terminal value belongs to for a certain p > 1. To establish 
the a priori estimates, we use a combination of the estimates developed by Bahlali et al 
[1] and L^-type estimates developed by Briand et al [6]. Thanks to the estimates, we 
prove an existence result based on the localization procedure developed by Briand and 
Hu [8], [9]. The second contribution of this chapter is the uniqueness result. In the spirit 
of Da Lio and Ley [11] or Briand and Hu [3], we prove comparison theorem, uniqueness 
and a stability result via 6*-technique under a convexity assumption. It turns out that our 
results of existence and uniqueness not simply provide wider perspectives on quadratic 
BSDEs but also, by setting /(| ■ |) = 0, concern non-quadratic BSDEs studied in [27], 
[7], [6], [4], etc. 

Chapter 2 is organized as follows. In Section 2.1, 2.2, we introduce basic notions and 
present auxiliary results. Section 2.3 proves the Ito-Krylov formula and a generalized 
Ito formula for y i—>■ \y\^{p > 1). The former one is used to treat discontinuous quadratic 
generators or discontiuous quadratic growth and the later one is used for a L^-type 
estimate. Section 2.4 reviews purely quadratic BSDEs and their natural extensions, 
based on Bahlali et al [4]. Section 2.5 studies existence, uniqueness and a stability 
result. Finally, in Section 2.6, we derive the probabilistic representation for the viscosity 
solution to the associated quadratic PDFs. 

Chapter 3 addresses the second question by using a regularization procedure which 
is different from Morlais [26] and Mocha and Westray [25]. The hrst contribution is to 
obtain an existence and uniqueness result given a Lipschitz-continuous generator and a 
bounded integrand g. BSDEs of this type are called Lipschitz-quadratic, and serve as an 
basic ingredient for the study of quadratic BSDEs. In the second step, we prove a more 
general version of monotone stability result which allows one to construct solutions to 
quadratic BSDEs via Lipschitz-quadratic regularizations. Finally, we rely on a convexity 
assumption to obtain the uniqueness result via 6*-technique. 

Chapter 3 is organized as follows. Section 3.1 presents the basic notions of semi¬ 
martingale BSDEs. Section 3.2 concerns the existence and uniqueness result for Lipschitz- 
quadratic BSDEs. In Section 3.3, we prove a general version of monotone stability. As an 
application, the existence of a bounded solution is immediate. In Section 3.4, existence 
and uniqueness of unbounded solution are proved. Finally, we show in Section that the 
martingale part of a solution dehnes an equivalent change of measure. 

Chapter 4 is a survey of the stability result of quadratic semimartingales studied in 
Barrieu and El Karoui [4]. Section 4.2 introduces the notion of quadratic semimartingales 
and their characterizations. In Section 4.3, we use a forward point of view to address the 
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issue of convergence: the stability of quadratic semimartingales is proved in the first step; 
it is then used to deduce the convergence of the martingale parts. Finally, in Section 3.5, 
the solutions to quadratic BSDEs are characterized as quadratic semimartingales. As a 
counterpart, a corresponding monotone stability result for BSDEs are formulated. The 
prime advantage of this stability result, in contrast to others, is that the boundedness is 
no longer needed. 
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Chapter 2 


IL^(p > 1) Solutions to Quadratic 
BSDEs 


2.1 Preliminaries 

In this chapter, we study a class of quadratic BSDEs driven by Brownian motion. We 
£x the time horizon T > 0 and a d-dimensional Brownian motion (lW)o<t<r dehned 
on a complete probability space (D, P). {J^t)o<t<T is the hltration generated by W 

and augmented by P-null sets of J^. Any measurability will refer to this hltration. In 
particular, Prog denotes the progressive cr-algebra on D x [0,T]. Let us introduce the 
notion of BSDEs and their solutions in the following paragraph. As mentioned in the 
introduction, we exclusively study M-valued BSDEs. 

BSDEs: Definition and Solutions. Let ^ be an M-valued J^^-measurable random 
variable, F : D x [0, T] x M x M^ —)■ M a Prog (8)13(M) ® 13(M^)-measurable random function. 
The BSDEs of our study can be written as 

F{s,Ys,Zs)ds-Z,dWs, ( 2 . 1 ) 

where ZgdWs, sometimes denoted by Z ■ W, refers to the vector stochastic integral; 
see, e.g., Shiryaev and Cherny [30]. We call a process {Y, Z) valued in M x M'^ a solution 
to (2.1), if E is a continuous adapted process and Z is a Prog-measurable process such 
that P-a.s. \Zs\'^ds < -|-oo and \F{s,Ys, Zs)\ds < -foo, and (2.1) holds P-a.s. for 
any t G [0,T]. The hrst inequality above ensures that Z is integrable with respect to 
W in the sense of vector stochastic integration. As a result, Z ■ W is a continuous local 
martingale. We call F the generator^ ^ the terminal value and (^,/q |F(s, 0, 0)|(is) the 
data. In our study, the integrability property of the data determines estimates for a 
solution. The conditions imposed on the generator are called the structure conditions. 
For notational convenience, we sometimes write {F,^) instead of (2.1) to denote the 
BSDE with generator F and terminal value 


Yt = ^ + 
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We are interested in BSDEs satisfying, P-a.s. for any {t,y,z) G [0,T] x M x 

sgn{y)F{t,y,z) < at + P\y\ + 7 |^| + f{\y\)\z\‘^, 

\F{t,y,z)\ < at + ^{\y\) + -f\z\ + f{\y\)\z\^, (2.2) 

where P-a.s. for any t G [0,T], {y,z) \—> F{t,y,z) is continnous, a is an M+-valned 
Prog-measurable process, (p : M"*" —)■ M"*" is a continuous nondecreasing function with 
</ 9 ( 0 ) = 0 , /(I ■ I) : M —)■ M is a measurable function and 7 > 0 . As will be seen later, the 
BSDEs satisfying (2.2) are solvable if /(| ■ |) belongs to X, the set of integrable functions 
from M to M which are bounded on any compact subset of M. Note that (2.2) has an 
even more general growth in ?/, compared to the assumption (1.2) which is studied by 
Bahlali et al [1]. 

Let us close this section by introducing all required notations for this chapter. For any 
random variable or process Y, we say Y has some property if this is true except on a P-null 
subset of D. Hence we omit “P-a.s.” in situations without ambiguity. Dehne sgn(a;) : = 
For any cadlag adapted process Y, set Yg^t ■=Yt — Ys and Y* := supjg[o,r] |F)|. 

For any Prog-measurable process H, set |iP|s,t := Hudu and \H\t := |Ff|o,i- 7” stands 
for the set of stopping times valued in [ 0 ,T] and S denotes the space of continuous 
adapted processes. For any local martingale M, we call {o'„}„gN+ C T a localizing 
sequence if increases stationarily to T as n goes to -|-oo and is a martingale for 

any n G N"*". For later use, we specify the following spaces under P. 

• the set of bounded processes in S] 

• S^ij) > 1); the set of F G 5 with Y* G L^’; 

• X: the set of F G 5 such that {Yr\T G T} is uniformly integrable; 

• Ad: the space of PAvalued Prog-measurable processes Z such that P-a.s. \Zs\‘^ds < 
+CX); for any Z G Ad, F ■ VP is a continuous local martingale; 

• Ad^(p > 0): the set of Z G Ad with 

< + 00 ; 

in particular. Ad^ is a Hilbert space; 

• C^(M): the space of p times continuously differentiable functions from M to M; 

: the Sobolev space of measurable maps u : M —)■ M such that both u and 
its generalized derivatives u',u” belong to L)q^(M). 
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The above spaces are Banach (respectively complete) under suitable norms (respec¬ 
tively metrics); we will not present these facts in more detail since they are not involved 
in our study. We call {Y, Z) a solution to (2.1) if (F, Z) G x JYIp. This definition 
simply comes from the fact that its existence is ensured by data in L^. Analogously to 
most papers on M-valued quadratic BSDEs, our existence result essentially relies on the 
monotone stability result of quadratic BSDEs; see, e.g., Kobylanski [22], Briand and Hu 
[9] or Section 3.3, Chapter 3.1. 

2.2 Functions of Class I 

In this section, we introduce the basic ingredients used to treat the quadratic generator in 
(2.2). We recall that X is the set of integrable functions from M to M which are bounded 
on any compact subset of M. 

Transform. For any f G I, define : M — )■ M and by 

{x) := J exp ^2 J f{u)du^dy, 

:= exp ^2 f \f{u)\du\. 

Obviously, 1 < < -|-oo. Moreover, the following properties hold by simple computa¬ 

tions. 

(i) u e C^(]R) n Wf;o^(]R) and u''{x) = 2f{x)u'{x) a.e.; if / is continuous, then u G 
C2(M); 

(ii) u is strictly increasing and bijective from M to M; 

(iii) u~^ G C^(]R) n Wf if / is continuous, then u~^ G C^(]R); 

(iv) ^ < |n(x)| < M\x\ and A < u'{x) < M. 

n-f Transform. For any / G X, define : M —)■ M+ by 



Set V := . Simple computations give 

(i) V G C^(M) n Wf ;oc(]R) and v''{x) — 2/(|a;|)|n'(a;)| = 1 a.e.; if / is continuous, then 
V G C2(M); 

(ii) v{x) > 0, sgn(n'(a;)) = sgn(x) and n"(0) = 1; 
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(iii) ^ ^ and g < |n'(a;)| < MM- 

In the seqnel of onr stndy, and exclnsively stand for the above transforms associated 
with / G X. Hence in sitnations withont ambignity, we denote by u,v,M, 

respectively. 


2.3 Krylov Estimate and the Ito-Krylov Formula 


The hrst anxiliary resnlt is the Krylov estimate. Later, it is nsed to prove an Ito’s-type 
formnla for fnnctions in C^(]R) fl Wf This helps to deal with (possibly discontinn- 

ons) qnadratic generators. As the second application, we derive a generalized ltd formnla 
for 1/ I— )■ \y\^{p > 1) which is not smooth enongh for 1 < p < 2. This is a basic tool to 
stndy LP(p > 1) solntions. 

To allow the existence of a local time in particnlar sitnations, we stndy eqnations of 
type 

y = e + ^ F{s,Ys,Zs)ds + 

where C is a continnons adapted process of hnite variation. We denote its total variation 
process by V.{C). Likewise, sometimes we denote (2.3) by (X, C,^). The solntion to (2.3) 
is dehned analogonsly to that to (2.1). 

Now we prove the Krylov estimate for (2.3). A more complicated version not needed 
for onr stndy can be fonnd in Bahlali et al [1]. 

Lemma 2.1 (Krylov Estimate) For any measurable function : M —)■ M’*', 


da 


zjw.. 


(2.3) 


E / i’{Y^)\Z,\^ds < 6m||i/'llLi(|-m,m|). ( 2 . 4 ) 

L Jo 

where Tm is a stopping time defined by 

Tm-.= ini{^t>0:\Yt\ + Vt{C) + |X(s, W, a)|ds > m} A T. 

Proof. Withont loss of generality we assnme ilV’|lLi([-m m]) < +00. For each n G N’*', set 

Tm,n ■= Tm Aini \t > 0 : I \Z.,\'^ds > n\. 
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Let a E [—m,m]. By Tanaka’s formula, 

/ t/\Tm,n 1 

ptATm.n P'tATm,n 

= (Iq — cl) + Yg, Zs)ds + / '^{Ys<a}dCg 

Jo Jo 

/ tATm,n 1 

+ ( 2 . 6 ) 

where L°‘{Y) is the local time of Y at a. To estimate the local time, we put it on 
the left-hand side and the rest terms on the right-hand side. Since x h-)■ (x — a)“ is 
Lipschitz-continuous, we deduce from the dehnition of Tm,n that 

(Fo - a)" - (FtAr,„,„ - a)- < |Fo - Yt;,r^ J < 2m. 

Meanwhile, the dehnition of also implies that the sum of the ds-integral and dC- 
integral is bounded by m. Hence, we have 

< 6m. 

By Fatou’s lemma applied to the sequence indexed by n, 

sup E[L^V,„(F)] < 6m. 

aE[—m,m] 


We then use time occupation formula for continuous semimartingales (see Chapter VI., 
Revuz and Yor [29]) and the above inequality to obtain 


E 


rTAT„ 


i>(Y,)\ZXds 


= E / ■,l,ix)LY^JY)dx 

^ J —m 

/ m 

i’(^HL’i^.JY)\dx 

■m 

< ^rn\MlY{X-m,m]y 


□ 


As an immediate consequence of Lemma 2.1, we have P-a.s. 

( 2 . 6 ) 

for any A C M with null Lebesgue measure. This will be used later several times. 

Given Lemma 2.1, we turn to the main results of this section. 







Theorem 2.2 (Ito-Krylov Formula) If (Y, Z) is a solution to then for any 

u G C^(M) n we have P-a.s. for all t G [0,T], 

u{Yt) = u{Yo) + fu'{Y,)dY, + I [\"{Y,)\Z,\^ds. (2.7) 

Jo ^ Jo 

Proof. We use Tm defined in Lemma 2.1 (Krylov estimate). Note that Tm increases 
stationarily to T as m goes to +oo. It is therefore sufficient to prove the equality for 
u{Yt/\T^). To this end we use an approximation procedure. We consider m such that 
P-a.s. m> |Yo|- Let Un be a sequence of functions in C^(M) satisfying 

(i) Un converges uniformly to u on [—m,m]; 


(ii) u'^ converges uniformly to u' on [—m, m]; 


(hi) u'f converges in L^([—m,m]) to u”. 


By ltd’s formula, 

pt/\Tm 1 

UniYt^rJ = Un{Yo) + / <(W)dW + " / u'f{Ys)\Z,\^ds. 

Jo ^ Jo 

Due to (i) and IfyAr^l ^ ) '^niX-AT^) converges to uX-Arm) T-a.s. uniformly on [0,T] 

as n goes to +oo; the second term converges in probability to 

u'X,)dYs 

by (ii) and dominated convergence for stochastic integrals; the last term converges in 
probability to 

-1 rt/\Tm 

- / u"XXZs?ds 
^ Jo 

due to (iii) and Lemma 2.1. Indeed, Lemma 2.1 implies 



E 



u 


n 

n 


u"\Xs)\Zs?ds < 6m|K - 


Hence collecting these convergence results gives (2.7). By the continuity of both sides of 
(2.7), the quality also holds P-a.s. for all t G [0,T]. 


□ 

To study L,P{p > 1) solutions we now prove an ltd’s-type formula for y ^ \y\^{p > 1) 
which is not smooth enough for 1 < p <2. The proof for multidimensional ltd processes 
can be found, e.g., in Briand et al [6]. In contrast to their approach, we give a novel 
and simpler proof for BSDE framework but point out that it can be also extended to ltd 
processes. 
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Lemma 2.3 Let p > 1. If (Y, Z) is a solution to then 


\Yt\^ + 


p{p - 1) 


l{Y^^0}\Ysr‘^\Zs\^ds 


= ier-p/ sgn(n)inrw.-i{,=i} / diiiy), 


( 2 . 8 ) 


where LP{Y) is the local time ofY at 0. 


Proof, (i). p = 1. This is immediate from Tanaka’s formula. 

(ii). p > 2. y \y\^ & C^(M). Hence this is immediate from Ito’s formula. 

(hi), p = 2. y \y\P G C^(]R). Due to (2.6), \Ys\P~‘^\Zs\'^ds is indistinguishable 

from J^I{Ysj^o}\Ys\^~‘^\Zs\‘^ds. Then the inequality is immediate from Ito’s formula. 

(iv). 1 < p < 2. We use an approximation argument. Dehne 


Ue{y) ■■= {y"^ + 6^) 
2 


Then for any e > 0, we have G C^(]R). By Ito’s formula, 


w 


(F,) = <(0 -pj Y,uY'HY,)dy. - 2 / (purHYs) + p(p - 2)\Y,\\YHY,))\Z,\^ds. 

(2.9) 

Now we send e to 0. Ue{y) —> \y\ pointwise implies Uf:(Yty —> \Ytf‘ and 

pointwise on D. Secondly, yu^~‘^{y) —> sgn(r/)|p|^“^ pointwise implies by dominated 

convergence for stochastic integrals that 


Wsgn(W)<-2(W)dW. 


|W|^ ^dYg in probability. 


To prove that the ds-integral in (2.9) also converges, we split it into two parts and argue 
their convergence respectively. Note that 

p<-2(W) +p(p - 2)|w| V"(n) = peV'(W) +p(p - 1)|W|V-"(W). (2.10) 

For the second term on the right-hand side of (2.10), we have 

iwiV"(w) = %^o}inr'’ "" 

Since nionotone convergence gives 


|p-2 



uYYY 


\Ys\\r\YY\Zs\^ds 


‘^\Ys\‘^ds pointwise in D. 
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It thus remains to prove the (is-integral concerning the hrst term on the right-hand side 
of (2.10) converges to 0. To this end, we use Lemma 2.1 (Krylov estimate) and the same 
localization procedure. This gives 


E 


^{Ys)\Zs\‘^ds < Qme^ I + dx 

J —m 

pm 

< 12me^ / (x^ -1- e ^)^dx 


'-JO 


<12-2 2^me^ / {x + eY ‘^dx 

Jo 

/•m+e 


4 —p r) 

< 12-2 2 me^ 


X- 


^dx 


4—p 

12 ■ 2^m 
p — 3 


(e^(m -I- 


ef-^-eP-y, 


which, due to 1 < p, converges to 0 as e goes to 0. Hence e‘^uP~'^{Ys)\Zs\^ds converges 
u.c.p to 0. Collecting all convergence results above gives (2.8). By the continuity of each 
term in (2.8), the equality also holds P-a.s. for all t G [0,T]. 


□ 


2.4 l/{p > 1) Solutions to Purely Quadratic BSDEs 

Before turning to the main results, we partially extend the existence and uniqueness 
result for purely quadratic BSDEs studied by Bahlali et al [1]. Later, we present their 
natural extensions and the motivations of our work. These BSDEs are called purely 
quadratic, since the generator takes the form F{t, y, z) = f{y)\z\‘^. The solvability simply 
comes from the function dehned in Section 2.2 which transforms better known BSDEs 
to (/(|/)|^P,0 by Ito-Krylov formula. 

Theorem 2.4 Let / G X and ^ G LP(p > 1). Then there exists a unique solution to 

f{Ys)\Zs\^ds- ZsdWs. ( 2 . 11 ) 

Moreover, if p > 1, the solution belongs to x M.'p; if p = 1, the solution belongs to 

V X for any q G (0,1). 

Proof. Let u := uY Then u,u~^ G C^(M) fl Wf;o(,(]R). The existence and uniqueness 
result can be seen as a one-on-one correspondence between solutions to BSDEs. 
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(i). Existence. |'u(a;)| < M\x\ implies u{^) G L^. By Ito representation theorem, 
there exists a uniqne pair {Y, Z) which solves (0 ,m(.^)), i.e., 


dYt = ZtdWt, Yt = uiO- 


( 2 . 12 ) 


We aim at proving 


u'{u )) 

solves (2.11). Ito-Krylov formula applied to Y) = u~^(Yt) yields 


(2.13) 


dYt 


- ^dYt- 

u'{u-\Yt)) 


-(- 

2V«/(«-i(y,)) 


^ u"{u-\Y,)) 

u'{u-\Yt)) 


Zs\^ds. 


(2.14) 


To simplify (2.14) let us recall that u'\x) = 2f{x)u\x) a.e. Hence (2.13), (2.14) and 
(2.6) give 

dYt = -f{Yt)\Zt\^dt + ZtdWt, Yt = 

i.e., (Y,Z) solves (2.11). 

(ii). Uniqueness. Suppose (Y, Z) and {Y',Z') are solutions to (2.11). By Ito-Krylov 
formula applied to u{Y) and m(K'), we deduce that {u{Y),u'{Y)Z) and (u(Y'),u'(Y')Z') 
solve (0 ,m(^)). But from (i) it is known that they coincide. Transforming u{Y) and 
u{Y') via the bijective function u~^ yields the uniqueness result. 

(hi). We prove the estimate for the unique solution (K, Z). For p > 1, Doob’s L^(p > 
1) maximal inequality used to (2.12) implies (Y, Z) E S^x JYIp. Hence (K, Z) E S^x Ai^, 
due to |■u'(a;)| > ^ and |M“^(a;)| < M|a;|. For p = 1, Y E V since it is a martingale 
on [0,T]. In view of the above properties of u we have Y eV. The estimate for Z is 
immediate from Lemma 6.1, Briand et al [6] which is a version of Lp( 0 < p < 1) maximal 
inequality for martingales. 


□ 

Remark. If is a general WT-nieasurable random variable, Dudley representation the¬ 
orem (see Dudley [14]) implies that there still exists a solution to (2.12) and hence a 
solution to (2.11). However, the solution in general is not unique. 

The proof of Theorem 2.4 indicates that / being bounded on compact subsets of M 
is not needed for he existence and uniqueness result of purely quadratic BSDEs. 

Proposition 2.5 (Comparison) Let f,gEX, e, f e L^’(p > 1) and (K, Z), (W, Z') he 
the unique solutions to {g{y)\z\'^ , respectively. If f < g a.e. andF-a.s. 

^ , then P-a.s. Y < Y'. 
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Proof. Again we transform so as to compare better known BSDEs. Let us fix t G [0, T] 
and set u := . For any stopping time valued in [t,T], Ito-Krylov formula yields 



where the last two lines are due to u''{x) = 2f{x)u'{x) a.e., g > f a.e. and (2.6). In the 
next step, we want to eliminate the local martingale part by a localization procedure. 
Note that u'(Ys)ZgdWs is a local martingale on [t,T]. Set {r„}„gN+ to be its localizing 
sequence on [t,T]. Replacing r by in the above inequality thus gives P-a.s. 

This implies that, for any A G we have 

'E[a[Yl)U] > 

Since u{Y') G T), we can use Vitali convergence theorem to obtain 

E[u{Y;)Ia] >E[n(e')lA] 

Note that this inequality holds for any A G J^t- Hence, by choosing A = {n(H/) < 
E[M(,^')|J^i]}, we obtain u{Y^) > E[m(,^')| . Since ^ and u is increasing, we further 

have u{Y^) > E[M(,^)|j^t]. Let us recall that, by Theorem 2.4, {u{Y),u'{Y)Z) is the 
unique solution to (0 ,m(^)). Hence, u{Y^) > u{Yt). Transforming both sides via the 
bijective increasing function u~^ yields P-a.s. T) < H/. By the continuity of Y and Y' 
we have P-a.s. Y. < Y'. 


□ 


Remark. In Proposition 2.5, we rely on the fact that P-a.s. 



-u"{Y^) - f{Y:)u\Y:) 


iz'fds 


0 , 


(2.15) 


even though u"{x) = 2f{x)u'{x) only holds almost everywhere on M. Here we prove it. 
Let A be the subset of M on which u"{x) = 2f{x)u'{x) fails. Hence, 


I 


{v/eR\A} 


- f(Y:)u'(Y:) 


iZ'fds 


0 . 
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Meanwhile, by (2.6), we have P-a.s. 


I 


{■h'eA} 


-u"{Y:) - f{Y^)u'{Y^) 


\Z'?ds 


0 . 


Hence, (2.15) holds P-a.s. This fact also applies to Theorem 2.4 and all results in the 
sequel of our study. 


To end our discussions on purely quadratic BSDEs we give some examples. 

Example 2.6 Let ^ G > 1). Then Theorem 2.4 holds for where F verifies 

any one of the following 

• F{y,z) = 

• F{y,z) = (l[„,fe] - I[c,d\){y)\z\'^ for some a<b and c < d; 

. F{y,z) = + 

Theorem 2.4 and Proposition 2.5 are based on a one-on-one correspondence between 
solutions (respectively the unique solution) to BSDEs. Hence it is natural to generalize 
as follows. Set f E I, u := , F(t, y, z) := G(t, y, z) + f{ii)\z\^ and 

F{t, y, z) := u\u-^{y))G{t, m"^(|/), ^ ). (2.16) 

u'{u-^{y)) 

If G ensures the existence of a solution to {F,u{^)), we can transform it via u~^ to a 
solution to {F,^). An example is that G is of continuous linear growth in {y,z) where 
the existence of a maximal (respectively minimal) solution to {F,u{^)) can be proved in 
the spirit of Lepeltier and San Martin [23]. 

When the generator is continuous in {y, z), a more general situation is linear-quadratic 
growth, i.e.. 


\H{t,y,z)\ < at + P\y\ +7|^| + f{\y\)\z\'^ := F{t,y,z). (2.17) 

The existence result then consists of viewing the maximal (respectively minimal) solution 
to {F,^~^) (respectively {—F, —^~)) as a priori bounds for solutions to and using 

a combination of a localization procedure and the monotone stability result developed 
by Briand and Hu [8], [9]. For details the reader shall refer to Bahlali et al [Ij. 

However, either an additive structure in (2.16) or a linear-quadratic growth (2.17) is 
too restrictive and uniqueness is not available in general. Considering this limitation, we 
devote Section 2.5 to the solvability under milder structure conditions. 
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2.5 l/{p > 1) Solutions to Quadratic BSDEs 


With the preparatory work in Section 2.1, 2.2, 2.3, 2.4, we study L^(p > 1) solutions to 
quadratic BSDEs under general assumptions. We deal with the quadratic generators in 
the spirit of Bahlali et al [1], derive the estimates in the spirit of Briand et al [6] and 
prove the existence and uniqueness result in the spirit of Briand et al [8], [9], [10]. This 
section can also be seen as a generalization of these works. The following assumptions 
on {F,^) ensure the a priori estimates and an existence result. 

Assumption (A.l) Let p > 1. There exist /? G M, 7 > 0, an M+-valued Prog- 
measurable process a, f{\-\) G X and a continuous nondecreasing function ip : M"*" —)■ M’*' 
with 93 ( 0 ) = 0 such that |.^| -|- \a\T G and P-a.s. 

(i) for any t G [0,T], {y,z) 1 — > F(t,y,z) is continuous; 

(ii) F is “monotonic” at p = 0, i.e., for any {t,y,z) G [0,T] x M x 

sgn{y)F{t,y,z) < at + (3\y\ + 7 |x| + /(|?/|)| 2 ;p; 

(iii) for any {t,y,z) G [0,T] x M x M'^, 

\F{t,y,z)\ < at + (p{\y\) +-f\z\ +/(|?/|)|xp. 


It is worth noticing that given (A.l)(iii) and / = 0, (A.l)(ii) is a consequence of F 
being monotonic at y = 0. Indeed, 

sgn{y - 0) (X(t, y, z) - F{t, 0, z)) < l3\y\ 

implies 


sgn(p)X(f, y, z) < Fit, 0, z) + (3\y\ 
< at + (3\y\ -f 7 |x| 


This explains why we keep saying that F is monotonic at p = 0, even though y also 
appears in the quadratic term. Secondly, our results don’t rely on the specific choice 
of (p. Hence the growth condition in y can be arbitrary as long as (A.l)(i)(ii) hold. 
Assumptions of this type for different settings can also be found in, e.g., [27], [7], [6], 
[10], [9]. Finally, / can be discontinuous; /(| ■ |) being M+-valued appears more naturally 
in the growth condition. 


Lemma 2.7 (A Priori Estimate (i)) Let p > 1 and (A.l) hold for (X,0- U ^ 

X M. is a solution to (F,^), then 


E 


iZ.rds 


+ E 


fi\Ys\)\Zs\^ds) <c(E[(W)^+|a|^]), 


where c is a constant only depending on T, /?, 7 ,p. 
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1 

2 


(2.18) 


Proof. Set V := and M := For any T G 'T, Ito-Krylov formnla yields 

n(Fo) = i^(K)+ f\\Ys)F{s,Y,,Z,)ds 
Jo 

v^'{Ys)\Zs\^ds- [ v\Y,)ZsdWs. 

Jo 

Due to sgn(n'(a;)) = sgn(x) and (A.l)(n), we have 

v'{Ys)F{s, n, Zs) < \v'{Ys)\{at + /?|n| + ^\Z,\ + /(|F,|)|Z,|2). (2.19) 

Recall that v"{x) — 2/(|a;|)|n'(a;)| = 1 a.e. Hence (2.18), (2.19) and (2.6) give 

nr nr 

\Zs\^ds<v{Y^)+ \v'{Ys)\{as + IJ\Ys\+-i\Zs\)ds- n'(n)Z,dhF,. 


1 

2 


Moreover, since v{x) < ^ and |n'(a;)| < M^|a;|, this inequality gives 

pT pT pr 

/ \Zs\^ds < ciiY*f + Cl \Ys\{as + \Ys\ + \Zs\)ds-2 v'iYs)ZJWs, (2.20) 
Jo Jo Jo 

where ci := 2M^(1 V /3 V 7 ). Note that in (2.20), 

r\Y,\aJs<l{Y*f + l\a\l, 


Cl \Ys\\Zs\ds < -cfT ■ {Y*y + - \Z4^ds. 

Jo ^ ^ Jo 

Hence (2.20) yields 

f \Zs\^ds < (3ci + ciT){Y*y + ci\a\^T - 4 / v'{Ys)ZsdWs. 


This estimate implies that for any p > 1, 


E 


\Zs\‘'ds 


< C 2 E 


{Y*y+\af^+ / v'{Ys)ZJWs 


( 2 , 21 ) 


where C 2 := 82 ((3ci + cfT) V4) ^. Dehne for each n G N+, := inf {t > 0 : \Zs\'^ds > 

n} A T. We then replace r by and use Davis-Burkholder-Gundy inequality to obtain 


C 2 E 


v'iYyZJWsY <C2c{p)MP¥. 




0 


<]^clc{pfM^^ ■¥.[{Y*Y] + ]^¥. 

< +CX). 


\Zs?ds 
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We explain that in this inequality, c{p) denotes the constant in Davis-Burkholder-Gundy 
inequality which only depends on p. With this estimate, we come back to (2.21). Trans¬ 
ferring the quadratic term to the left-hand side of (2.21) and using Fatou’s lemma, we 
obtain 


E 


iZA'^ds 


< c(E[{Y*)p + \a\Pj,] 




L\Jq / J \ / 

where c := c^c{pYM‘^p -|- 2 c 2 . 

Toestimate f{\Ys\)\Zs\‘^ds we use u := This helps to transfer f{\Ys\)\Zs\‘^ds 

to the left-hand side so that standard estimates can be used. The proof is omitted since 
it is not relevant to our study. 


□ 

We continue our study by sharpening Lemma 2.7 for p > 1. We follow Proposition 
3.2, Briand et al [6] and extend it to quadratic BSDEs. As an important byproduct, we 
obtain the a priori bound for solutions which is crucial to the construction of a solution. 


Lemma 2.8 (A Priori Estimate (ii)) Letp > 1 and (A.l) hold for (F, ^). If {Y, Z) G 
SP X M. is a solution to then 


E[(W)P] +E 
In particular, 


\Z.fds 


-F E 


E 


sup |W 

'-se[t,T] 




/(inDIZ.I"*)’’] <c(E[|^|'’+|a|?.]), 


<cE[|5|''+|a|p|j-,] 


In both cases, c is a constant only depending on T, (3,'y,p. 

Proof. Let u := and M := and denote u{\Yt\),u\\Yt\),u''(\Yt\) by Ut, u[, u”, 

respectively. By Tanaka’s formula applied to |Y)| and Ito-Krylov formula applied to Ut, 

fT ^ j-T 

Ut = UT+ / sgu{Ys)u',,F{s,Ys,Z,)ds - - / I{Y,^o}Us\Zs\'^ds 


sgn(W)<Z,dW, 




where L^{Y) is the local time of Y at 0. Lemma 2.3 applied to Ut then gives 


kr+ 


p{p - 1) 






\P 


= \uTf + p j sgn(M5)|M^|P ^{^sgu{Ys)v!,F{s,Ys,Zs)-]^{Y,^Q}u'^\Zsf^ds 


p / Sgu{Us)\Us\^ ^M'^dL°(y)-p / SgR{Us) SgR{Ys)\Us\^ ^U^ZsdWs- 
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To simplify this equality we recall that sgn(Ms) = and u"{x) = 2f{x)u'{x) 

a.e. Hence 




p{p - 1) 


IiY.^O}\Usr^\u'f\Z,\^ds 


<\ut\^ + P ^u'^{as +l3\Ys\+'^\Zs\)ds 

-p f sgn{Ys)\us\^~^u'^ZsdWs. 


Let {c„}„gN+ be constants to be determined. Since ^ < m(|x|) < M\x\ and ^ < 
M'(|a;|) < M, this inequality yields 


\Yt\P + cil I{Y,^o}\Y,r^\Z,\^ds 


<MP\^\P + MP / I{Y^^o}\Ysr\a, + \/3m+^\Zs\)ds 


-pi sgn(Fs)|Ms|^ ^u'^ZsdW, 


( 2 . 22 ) 


where Ci := ^^rjr > 0. Observe that in (2.22), 








2^^ inr+^Wo}inr^i^.p. 


We then use this inequality to (2.22). Set C 2 := Mp V (M^/? + ), 


x-.= cMi\p+ iwr^( 


a 


s s 




and N to be the local martingale part of (2.22). Hence (2.22) gives 


\Y,\P + I / \y.^,}\Ys\p-^\Zs\Hs KX-Nt + N^. 


(2.23) 


We claim that iV is a martingale. Let c(l) be the constant in Davis-Burkholder-Gundy 
inquality for p = 1. We have 


E[N*] < c(l)E[(iV)|] 

< c(l)MPE 

^ c(l)MP 
P 

< + 00 , 


\Ys\^P-^\Z,\^ds 


-1)E[(W)P]+E / \Zs\^ds 


T , E 

2 
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where the last two lines come from Young’s inequality and Lemma 2.7 (a priori estimate 
(i)). Hence Y is a martingale. Coming back to (2.23), we deduce that 


E 




I{Y,^o}\Ysr^\Z4^ds < -E[Y]. 

-I C\ 


(2.24) 


Now we estimate Y via X. To this end, taking supremum over t G [0,T] and using 
Davis-Burkholder-Gundy inequality to (2.23) give 


E[(Y*)^’] <E[Y]+c(l)E[(Y)|]. 


(2.25) 


Here c(l) denotes the constant in Davis-Burkholder-Gundy inequality for p = 1. The 
second term in (2.25) yields by Cauchy-Schwartz inequality that 


c(l)E[(iV)|] <c(l)M^E (Y*)5( / I{Y,^o}\Ysr^\Zs\‘^ds 

^Y.^o}\Ysr^\Z4^ds 


< iE[(Y*)^] + 


'-^0 


Using (2.24) to this inequality gives the estimate of {N)^ via Y and X. With this 
estimate we come back to (2.25) and obtain 


E[(Y*)P] < 2(1 + 


2c{lfM^P 


Cl 


E[X]. 


Set C 3 := 202(1 -|- _ This inequality yields 


E[(W)^] <C3 E[|er] +E 


YJP-^asds 


+ E 


\Y,\^ds 


(2.26) 


Young’s inequality used to the second term on the right-hand side of this inequality gives 


C 3 


\Y,r^asds <hY*y + ^f—) 

2 p \c3qJ 


£ 

^ I \P 


\a 


T’ 


where q is the conjugate index of p. Set C 4 := 2 ^03 V ^ (^) j. (2.26) and this inequality 
then yield 


p \c 3 qj 
cT 


E[(W)^] < C4 E[|er+ |a|?,] +E / sup 

^Jo tte[o,s] 


By Gronwall’s lemma. 


E[(W)^’] < C4exp(c4T)E[|e|P+ |a|P]. 
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Finally by Lemma 2.7 we conclude that there exists a constant c only depending on 
T, M, /3,7, p such that 


+E 


\ZA^ds 


+ E 


/(ini)iz/ds) <cE[ier + i«i?^]. 


To prove the remaining statement, we view any fixed t G [0,T] as the initial time, reset 


X := 


:=c2(ier+/ + 


and replace all estimates by conditional estimates. 


□ 


An immediate consequence of Lemma 2.8 is that 

ii7i < (cE[|er+l«l?^|^t])^ 

i.e., Y has an a priori bound which is a continuous supermartingale. 

With this estimate we are ready to construct a L^(p > 1) solution via inf-(sup- 
)convolution as in Briand et al [8], [9], [10]. A localization procedure where the a priori 
bound plays a crucial role is used and the monotone stability result takes the limit. 

Theorem 2.9 (Existence) Let p > 1 and (A.l) hold for Then there exists a 

solution to (F,^) in x . 

Proof. We introduce the notations used throughout the proof. Define the process 

W:= (cE[|er+|a|?.|J•i])^ 

where c is the constant defined in Lemma 2.8. Obviously X is continuous by ltd repre¬ 
sentation theorem. Moreover, for each m,n ^ N"*", set 

Tm := inf {f > 0 : \a\t + Xt > m] AT, 

an '■= inf {f > 0 : \a\t > n} A T. 

It then follows from the continuity of |a|. and X that Tm and an increase stationarily 

to T as m,n goes to -|-oo, respectively. To apply a double approximation procedure we 

define 


F^’>‘{t,y,z) 


= ht<a„} inf {F^{t, y, z') -7 n\y - y'\ + n\z - Y\] 

y',z' 

-l{t<ak} 'i}^^,{F~it,y',z') + k\y-y'\ + k\z- z'\}, 

y',z' 
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and An — A k. 

Before proceeding to the proof we give some nsefnl facts. By Lepeltier and San Martin 
[23], is Lipschitz-continnons in {y, z); as k goes to +cx), converges decreasingly 
nniformly on compact sets to a limit denoted by as n goes to +oo, converges 

increasingly nniformly on compact sets to F. Moreover, | |F”'’^(-, 0, 0)| and are 
bonnded. 

Hence, by Briand et al [6], there exists a nniqne solntion Z^’^) E x to 

(^pn,k^ ^n,ky^ by comparison theorem, is increasing in n and decreasing in k. We are 
abont to take the limit by the monotone stability resnlt. 

However, | |F”’^(-, 0, 0)| and are not nniformly bonnded in general. To over¬ 
come this difhcnlty, we use Lemma 2.8 and work on random time interval where 
and ||F”’^(-,0,0)|| are uniformly bounded. This is the motivation to introduce X and 
Tm- To be more precise, the localization procedure is as follows. 

Note that {^F'^’^, satishes (A.l) associated with {a, f3,'y,(p, f). Hence by Lemma 
2.8 (a priori estimate (h)), 

iWl < (cE[|r’‘l’’+|I|o,,„v,.lo|?.|J'<])' 

< A',. (2.27) 

In view of the dehnition of Tm, we deduce that 

|r;Fl < < m. (2.28) 

Hence F”’*^ is uniformly bounded on [0,rm]. Secondly, given which solves 

yn,k^yn,ky jg inimediate that (FaV^) solves (I[o,t-„i]F”'’^, To make the 

monotone stability result adaptable, we use a truncation procedure. Dehne 

Piy^ • F '^{\y\<m\y F ll{y>m}^- 

Hence from (2.28) (FaV^> meanwhile solves (I[o,r™](t)F’"’^(f,p(|/), z), Sec¬ 

ondly, we have 

+ ^{\p{y)\) + a\A + f{\pi.y)\)\A^) 

<\t<r^}((^t + P>{m)+'-f\z\+ sup f{\p{y)\)\z\‘^) 

^ \y\<m ' 

2 

<ht<T^}(^t + Am) + \ + ( sup f{\p{y)\) + l)\z\‘^), 

^ 4 |y|<m / 

where sup|j^l<^/(|p(?/)|) is bounded for each m due to/(| ■ |) G X. Moreover, the dehnition 
of Tm implies \a\r^ < m. Hence we can use the monotone stability result (Kobylanksi 
[22], Briand and Hu [9] or Theorem 3.6) to obtain yrn-,n,ooym,n,y ^ ^oo ^ ^2 
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solves p(|/), z), inffc Moreover, is the P-a.s. uniform limit 

of ^ goes to + 00 . These arguments hold for any m,n E N"*". 

Due to this convergence result we can pass the comparison property to yWe use 
the monotone stability result again to the sequence indexed by n to obtain (y™, Z"^) G 
S°^ X which solves (I[o,r^](t)F(t, p(|/), 2 ;), sup„ inf^ y,T^). Likewise, y™ is the P- 
a.s. uniform limit of as n goes to +cxd. Hence we obtain from (2.28) that 

|?rl < ^tArm < m. Therefore, (y™, Z™) solves (I[o,r^]F, sup„ inf^ i.e., 

y,”„=supi>;tW+ / / ZTdW.. (2.29) 

n ^ J tATm j tATm 

We recall that the monotone stability result also implies that is the -limit of 
as k^n goes to +cx). This fact and previous convergence results give 

tri' = n»^a.s., 

^ ® (iP-a.e. (2.30) 

Dehne (Y, Z) on [0,T] by 

y; := i(,+ y ii.„-..r„iyr. 

m>2 

Z,:=I|K„,Z,‘ + y 

m>2 

By (2.30), we have Y/^r„ = y™^ and = I{t<T^}Z]^. Hence we can rewrite 

(2.29) as 

pY-m pYm 

YtAr^ = sup inf Y:^^ + / F{s, w, Zs)ds - / Z^dW^. 

J tATm J tATm 

By sending m to +cx), we deduce that (Y, Z) solves {F,^). Since ^ Z'^'^) verihes 

Lemma 2.8, we use Fatou’s lemma to prove that (y, Z) E x 


□ 

Theorem 2.9 proves the existence of a L^(p > 1) solution under (A.l) which to our 
knowledge the most general asssumption. For example, (A.l)(ii) allows one to get rid of 
monotonicity in y which is required by, e.g., Pardoux [27] and Briand et al [7], [6], [10]. 
Meanwhile, in contrast to these works, the generator can also be quadratic by setting 
/(I'D E X. Hence Theorem 2.9 provides a unihed way to construct solutions to both 
non-quadratic and quadratic BSDEs via the monotone stability result. 

On the other hand. Theorem 2.9 is an extension of Bahlali et al [1] which only 
studies BSDEs with integrability and linear-quadratic growth. However, in contrast 
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to their work, (A.l) is not sufficient in our setting to ensure the existence of a maximal 
or minimal solution, since the double approximation procedure makes the comparison 
between solutions impossible. 

However, to prove the existence of a maximal or minimal solution is no way impossi¬ 
ble. Since we have X as the a priori bound for solutions, we can convert the question of 
existence into the question of existence for quadratic BSDEs with double barriers. This 
problem has been solved by introducing the notion of generalized BSDEs; see Essaky 
and Hassani [16]. 

Remark. One may ask that as we use a localization procedure, whether / being bounded 
or integrable only on compact subsets of M rather than of class X sufficies to ensure the 
existence result. It turns out that in data in is not sufficient for such a generalization, 
and exponential moments integrability is required. Hence, our existence result shall be 
seen as merely complementary to the quadratic BSDEs studied by Briand and Hu [8], 
[9] rather than a complete generalization. 

Below is an illustrating example with / = 1 which clearly doesn’t belong to X. Similar 
version can be found in Briand et al [10]. 


Example 2.10 There exists a solution {Y,Z) in x Ai^ to 


Yt=^+ r\z,\^ds- f 

Jt Jt 


Z,dW, 


(2.31) 


if and only if 

E[exp(2^)] < -fcx). 

Proof, (i). Let (F, X) G x be a solution to (2.31). By Ito’s formula, 

exp(2Fi) = exp(2Fo) + [ exp{2Ys)ZsdWs. 

Jo 

Now we define ;= inf{f > 0 : > n} for each n G N’*'. Xo being trivial implies that 

Fo is a constant. Hence eyrp{2Ys)ZsdWs is a bounded martingale, and 

E[exp(2FTAr„)] = E[exp(2Fo)]. 

By Eaton’s lemma we obtain E[exp(2,^)] < -|-cx). 

(ii). . Assume E[exp(2,^)] < -|-cx). Thanks to Ito representation theorem, we can 

define (F, Z) e S x JH hy 


Yt := E[exp(20|X] = Fq + / Z^dWs- 
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Set (Y, Z) := (^Iny, ^). By Ito’s formula applied to Y, we easily deduce that (Y, Z) 
solves (2.31). It thus remains to prove (Y, Z) G x Since x i—)■ ln(a;) is concave 
and increasing, Jensen’s inequality yields 


Ft = -ln(E[exp(20|J-i]) > 0. 


(2.32) 


Hence Y is nonnegative. For each n E N"*", define := inf >: \Zs\'^ds > n}. (Y, Z) 
being a solution to (2.31) implies that 


rTAr-n 


rTATn 


\Zs\ ds — Yq — YxATn + 

pTAtu 


ZJW.. 


<Y, 


ZJW... 


'0 


Hence (2.32) gives 
E 


cTAtu 2 - 

|2 


\ZA ds 


< 2Y^ + 2E 


fTAr„ ^ 2 

Z4W. 
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(2.33) 


Moreover, by Jensen’s inequality applied to the left-hand side of (2.33), 

pTATn 


E 


pTATn 2 

|2 


\ZA ds 


< 2Yff + 2E 


\Z.rds 


Using 2a < ^ -1- 2 to the last term of this inequality gives 


E 


pTATn 


\Z.rds 


JO 


< YY^ + 4. 


Hence, Fatou’s lemma yields Z G We then use this result and Fatou’s lemma to 

(2.33) to obtain 

"" 2i 


E 

Finally we deduce from (2.31) that 
E[(W)2] < 3E[|^|2] +3E 

< J-CX). 

Hence (U, Z) E S'^ x M^. 


\ZA ds 


< J-oo. 


\ 2n 

\Z.\'^ds 


+ 3E 


fT 2 

ZJW, 


□ 
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Let us turn to the uniqueness result. Motivated by Briand and Hu [9] or Da Lio and 
Ley [11] from the point of view of PDEs, we impose a convexity condition so as to use 
6*-techinique which proves to be convenient to treat quadratic generators. We start from 
comparison theorem and then move to uniqueness and stability result. To this end, the 
following assumptions on [F, are needed. 

Assumption (A.2) Let p > 1. There exist /3i,/92 G 1^, 7 i ,72 > 0, an M'''-valued Prog- 
measurable process a, a continuous nondecreasing function ip : —)■ M’*' with <p(0) = 0, 
/(I'D G X and Fi, F 2 : Dx [0,T] xMx—)■ M which are Prog(8)H(M)®i3(M'^)-measurable 
such that F = Fi + F 2 , |.C| -|- \a\T G and P-a.s. 

(i) for any t G [0,T], {y,z) \—> F{t,y,z) is continuous; 

(ii) Fi{t, y, z) is monotonic in y and Lipschitz-continuous in z, and X 2 (f, y, z) is mono¬ 
tonic at y = 0 and of linear-quadratic growth in z, i.e., for any t G [0,T],y,y' G 
M, z' G M"*, 

sgn{y -y'){Fi{t,y,z) -Fi{t,y',z)) < Pi\y - y'\, 

\Fi{t,y,z) - Fi{t,y,z')\ < 'yi\z - z'\, 

sgn{y)F 2 {t,y,z) < +72^1 + f{\y\)\z\'^; 

(iii) for any t G [0,T], {y,z) \ — > F 2 {t,y,z) is convex; 

(iv) for any {t,y,z) G [0,T] x M x 

\F{t,y,z)\ < at + (p{\y\) + (71 + 72 )^! T/dz/Dk^- 

Intuitively, (A.2) specihes an additive structure consisting of two classes of BSDEs. 
The cases where X 2 = 0 coincide with classic existence and uniqueness results (see, e.g., 
Pardoux [28] or Briand et al [7], [6]). When Fi = 0, the BSDEs include those studied 
by Bahlali et al [4]. Given convexity as an additional requirement, we can prove an 
existence and uniqueness result in the presence of both components. This can be seen 
as a general version of the additive structure discussed in Section 2.4 and a complement 
to the quadratic BSDEs studied by Bahlali et al [4] and Briand and Hu [9]. 

We start our proof of comparison theorem by observing that (A.2) implies (A.l). 
Hence the existence of a L^(p > 1) solution is ensured. 

Theorem 2.11 (Comparison) Let p > 1, and (F, X),(W,Z') G x Al be solutions 
to (F,^), {F',^'), respectively. //P-a.s. for any {t,y,z) G [0,T] x M x F{t,y,z) < 
F'{t,y,z), ^ and F verifies (A.2), then P-a.s. Y. < Y'. 
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Proof. We introduce the notations used throughout the proof. For any 6 G (0,1), dehne 


5F,-.= F{tX.Z[)-F'{tX.Z[). 

5eY ■=¥ - eY\ 

5Y :=Y - Y', 

and 5gZ^ 6 Z, etc. analogously, ^-technique applied to the generators yields 


F{tXuZt)-eF\tX.Z[) 

= {Fit, Z*) - OFit, Y;, Z[)) + e {Fit, Yl, Z[) - F'it, y;, Z[)) 

= eSFt + {Fit, Y„ Z,) - OFit, y;, Z[)) 

= e8F, + {FXyt.Zt)-eFXyl.z[)) + {FXyt.Zt)-eFXyl.z[)). (2.34) 
By (A.2)(iii), 

F^(t, Y„ Z.) = F^{t, 9K/ + (1 - 9) 9z; + (1 - 9)^) 

< eF,(t, y/, z;) + 

Hence we have 

F,{t, Y„Z,)- eF,{t, y;, Z[) <{l-e)F^(t,^,X)- (2-35) 


Let u be the function dehned in Section 2.2 associated with a function of class I to be 
determined later. Denote uii5QYX),u'ii5eYX),u''UdeYX) by ut,ui, u”, respectively. 
It is then known from Section 2.2 that u* > 0 and > 0. For any r G T, Tanaka’s 
formula applied to i 60 Y)~^, Ito-Krylov formula applied to uXeYX) and Lemma 2.3 give 


I'^tAr r + 


pip - 1) 


I{5eY.>0}\UsX\<\"\^eZs\^ds 


' tAr 


< \ur\P + p / (u{{Fis,Y„Z,)-eF'is,Y:,Z{)) - -u'XeZs]^) ds 


“V* 

:=A. 


P / I{<59y,>o}|Ms|^ ^u{5eZsdWs. 


(2.36) 


'tAr 


By (2.34), (2.35), (A.2)(ii) and 5F < 0, we deduce that, on {SqYs > 0}, 


/ f(^) X 1 

A. < u{(^FXX,Zs) - eFXX^Z{)+XdeysV + 'l2\89Z,\ + 
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/( I'l ) 

To eliminate the quadratic term, we associate u with , i.e., 


u{x) : — j exp ^2 


/(S) 


du)dy 


i-e 

y 

= I exp (2 / f{\u\)du)dy. 


Jo Jo 

Hence, on {SeYg > 0}, the above inequality gives 

A. < <(Fi(s, n, Zs) - 0Fi(s, y;, Z') + (32{6eYs)+ + 72\SeZs\). 


(2.37) 


We are about to send 0 to 1, and to this end we give some auxiliary facts. Reset 
M := exp (2 f{u)du). Obviously 1 < M < +oo. By dominated convergence, for 
a; > 0, we have 


limufx) = Mx, 

0-5-1 

hmM'(a;) = + I{a;=o}- (2.38) 

Taking (2.37) and (2.38) into account, we come back to (2.36) and send 9 to 1. Fatou’s 
lemma used to the ds-integral on the left-hand side of (2.36) and dominated convergence 
used to the rest integrals give 

((5yMr) + )^ + r \sY,>0}msYr~^\^Z,\^ds 

^ JthT 

< {{SY^yy + p r i{SY^:^,y{6Yyyp-\Fys,Y,,zy-FysX,K) + (32{SY,y + j2\5zyds 

J t/\T 

-p f I{5Y.>0}{{5Ysyy-^6ZJWs. (2.39) 

J t/\T 

Moreover, (A.2)(ii) implies 

\5Y.>0}{FXY,,zy - Fi(s,y;,z;)) < i{,y^>o}(/?i(5W)+ + 7i|5^.l). 

We then use this inequality to (2.39). To eliminate the local martingale, we replace r by 
a localization sequence {T„}„gN+ and use the same estimation as in Lemma 2.8 (a priori 
estimate (ii)). 

((^r<xrj+)’’< cE[((inj+)'’7,], 

where c is a constant only depending on T,/ 9 i,/ 32 , 71 , 72 ,P- Since Y,Y' G and P-a.s. 

^ < y, dominated convergence yields P-a.s. T) ^ k)'. Finally by the continuity of Y and 
Y' we conclude that P-a.s. Y. <Y'. 


□ 
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As a byproduct, we obtain the following existence and uniqueness result. 

Corollary 2.12 (Uniqueness) Let (A.2) hold for Then there exists a unique 

solution in x Ai^. 

Proof. (A.2) implies (A.l). Hence existence result holds. The uniqueness is immediate 
from Theorem 2.11 (comparison theorem). 


□ 


It turns out that a stability result also holds given the convexity condition. We denote 
(F, 0 satisfying (A.2) by (F, Fi, Fa, 0- We set := N+ U {0}. 

Proposition 2.13 (Stability) Let p > 1. Let (F”, F", F^, ^"^)„gN 0 satisfy (A.2) asso¬ 
ciated with (a"',/9i,/la, 7 i, 72 , /), and be their unique solutions in x , 

respectively. If ^ — )-0 and |F" — F^\(s,Yf^, Z^)ds — )-0 in as n goes to + cxd , 

then (F”, F”') converges to (F, Z) in x Ai^. 

Proof. We prove the stability result in the spirit of Theorem 2.11 (comparison theorem). 
For any 6 G (0,1), define 

6 Ff^ := F°(f, F,°, Zf) - F^{t, F,°, Z°), 

:= F° - ^F’^, 

SY^ := F° - Y^, 


and dgZ'^, 6 Z'^, etc. analogously. We observe the 6'-difference of the generators. Likewise, 
(A.2) (hi) implies that 


= SF^ + (f"(f, Y", z“) - 0F’'(t, y", z;)) 
< sf: + (F"(t, y,», zf) - eF-(t, y“, z;>)) 


+ (1 - e)Fi(t 


W Ml 

’ i-e' 1-0 


We first prove convergence of F" and later use it to show that F” also converges. 

(i). By exactly the same arguments as in Theorem 2.11 but keeping SFJf along the 
deductions, we obtain 

< rnyy+p [ hsY~><iim:‘rr'(\sK‘\ + Wi+rnsvyr + ( 7 ,+ t^niz^Dds 
-pfiiSY.~>«}m7yr'szyw„ (2,4o) 
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By the same way of estimation as in Lemma 2.8 (a priori estimate (ii)), we obtain 

E[(((iF'‘)+)-)’’] <c(E[((iny’’] +E[||if"llT]). 

where c is a constant only depending on T, /3i, /92 5 71 , 72 , P- Interchanging and Y'^ and 
analogous deductions then yield 

E[(((-5y")+)*)"] <c(E[(Mn+)T +e[|| 5F”||^]). 

Hence a combination of the two inequalities implies the convergence of Y'^. 

(ii). To prove the convergence of Z"', we combine the arguments in Lemma 2.7 (a 
priori estimate (i)) and Theorem 2.11. To this end, we introduce the function v dehned 
in Section 2.2 associated with a function of class I to be determined later. By ltd-Krylov 
formula, 


v(SeY^) = + / v'{SeY:)(F°(s, Y«, Z«) - 9F”(a, F”, Z;))* 


t>"(*F”)|i»Z,”|"*- / v'{SsYT)SaZ;dW,. 


(2,41) 


Note that (A.2)(ii)(iii) and v'{SoYp) = sgn(50K."')|r;'(5el7^)| give 
F(i»F,")(F»(s, Y«, Z'i) - 9F"(s. F,", Z)*)) 

+ |t.'(i»F,")| sgn(i„F,")(Fr(s, Y«, Z«) - «F"(i,, F“, Z)*)) 

/(¥?), 


We associate v with 


+ |i>'(*y")l(/?2l*F;“| +7.,|*Z.“| + (2.42) 

y( I'l ) 

so as to eliminate the quadratic term. Note that 
1 , 


limn(a;) = -Ixr, 
e^i ^ ^ 2' ' 

limnTa;) = x. 
e^i 


(2.43) 


With (2.42), (2.43) and (A.2)(ii), we come back to (2.41) and send 9 to 1. This gives 

1 r\sz:\^da < ii^rr + f m(\sK\ + (ifti + mmn + ( 71 +72)iiz.”i)£is 


5Y^5Z'^dWs. 
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Now we use the same way of estimation as in Lemma 2.7 to obtain 


E 





where c is a constant only depending on T, /9i, / 32 , 71 , 72 , P- The convergence of Z” is then 
immediate from (i). 


□ 

Remark. So far we have obtained the existence and uniqueness of a LP(p > 1) solution. 
The solvability for p = 1 is not included due to the failure of Lemma 2.8 (a priori estimate 
(ii)). One may overcome this difficulty by imposing additional structure conditions as in 
Briand et al [ 6 ], [ 8 ]. To save pages the analysis of solutions is hence omitted. 

2.6 Applications to Quadratic PDEs 

In this section, we give an application of our results to quadratic PDEs. More pre¬ 
cisely, we prove the probablistic representation for the nonlinear Feymann-Kac formula 
associated with the BSDEs in our study. Let us consider the following semilinear PDE 

dtu{t, x) + Cu{t, x) + F{t, X, u{t, x), a~^Vxu{t, x)) = 0, 

u{T,-)=g, (2.44) 

where C is the infinitesimal generator of the solution to the Markovian SDE 

Xt = Xo+ [ h{s,Xs)ds+ f a{s,Xs)dBs, (2.45) 

Jto Jto 

for any (to^xo) G [0,T] x t G [^ 0 ,^]. Denote a solution to the BSDE 

Yt = g{x!r°’^°) + F{s,Xl^’^°,Y,,Zs)ds-Z^dW^, t E [to,T], (2.46) 

by (y*o,3;o^ 2’*°’^°) or (Y, Z) when there is no ambiguity. The probablistic representa¬ 
tion for nonlinear Feymann-Kac formula consists of proving that, in Markovian setting, 
u{t,x) := is a solution at least in the viscosity sense to (2.44) when the source of 
nonlinearity F is quadratic in Vxu{t, x) and g is an unbounded function. To put it more 
precisely, let us introduce the FBSDEs. 

The Forward Markovian SDEs. Let b : [0,T] x M"' —)■ M”', a : [0,T] x —)■ 

be continuous functions and assume there exists /3 > 0 such that P-a.s. for any t G [0, T], 
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|6(t,0)| + |(T(t, 0)1 < (3 and b(t,x),a(t,x) are Lipschitz-continuous in x, i.e., P-a.s. for 
any t G [0, T], x, x' G M”, 

|6(t, x) — h{t, x')\ + \a{t, x) — a{t, a;')| < /3\x — x'\. 

Then for any (fo,Xo) G [0,T] x M”, (2.45) has a unique solution in for any 

p > 1. 

The Markovian BSDE. We continue with the setting of the forward equations 
above. Set q > 1. Let Fi,F 2 : [0,T] x M” x M x —)■ M, : M"' —)■ M be continuous 

functions, (p : M’*' —>■ M"*" a continuous nondecreasing function with <^9(0) = 0 and /(| ■ |) G 
X, and assume moreover F = Fi + F 2 such that 

(i) Fi(t,x,y, z) is monotonic in y and Lipschitz-continuous in x, and F 2 {t,x,y, z) is 
monotonic at y = 0 and of linear-quadratic growth in x, i.e., for any {t,x) G 
[0, T] X M”, y, y' G M, x, z' G 

sgn( 2 / - y'){Fi{t,x,y,z) - Fi{t, x,y', z)) < /3\y - y'\, 

\Fi{t,x,y,z) - Fi{t,x,y,z') \ < f3\z - z'|, 

sga{y)F 2 {t,x,y,z) < P\y\ + P\z\ -F f{\y\)\z\^] 

(ii) {y, z) I—)■ F 2 (t, X, y, z) is convex ; 

(iii) for any {t,x,y,z) G [0,T] x M” x M x 

\F{t,x,y,z)\ < /3(l + |a;|^ + 2|x|) + ip{\y\) + f{\y\)\z\‘^, 

\g{x)\ < (3{l + \x\^). 

Since G for any p > 1, the above structure conditions on F and g allow 

one to use Corollary 2.12 to construct a unique solution (Y^o,^o^ x to 

(2.46) for any p > 1. Moreover, by standard arguments, is deterministic for any 

{to,xo) G [0,T] X W^. Hence u{t,x) dehned as is a deterministic function. With this 
fact we now turn to the main result of this section; u is a viscosity solution to (2.44). 
Before our proof let us recall the dehnition of a viscosity solution. 

Viscosity Solution. A continuous function u : [0,T] x M"' —)■ M is called a vis¬ 
cosity subsolution (respectively supersolution) to (2.44) if u{T,x) < g{x) (respectively 
u{T, x) > g{x)) and for any smooth function (j) such that u — cj) reaches the local maximum 
(respectively local minimum) at (to,a:o); we have 

dt(f)ito,xo) + C(j){to,XQ) + F{to,xo,u{to,xo),(T'^Vx(f)itQ,XQ)) > 0 (respectively < 0). 

A function u is called a viscosity solution to (2.44) if it is both a viscosity subsolution 
and supersolution. 
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Proposition 2.14 Given the above assumptions, u{t,x) is continuous with 

\u{t,x)\ < c(l + \x\'^), 

where c is a constant. Moreover, u is a viscosity solution to (2.44). 

Proof. Due to the Lipschitz-continuity of b and a, is continuous in {t,x), e.g., in 
mean square sense. The continuity of u is then an immediate consequence of Theorem 
2.13 (stability). The proof relies on standard arguments and hence is omitted. By Lemma 
2.8 (a priori estimate (ii)), we prove that u satisfies the above polynomial growth. It 
thus remains to prove that u is a viscosity solution to (2.44). 

Let 0 be a smooth function such that u—(j) reaches local maximum at (to, a^o)- Without 
loss of generality we assume that the local maximum is global and u{tQ,xo) = (j){to,Xo). 
We aim at proving 

dt4)(to, xo) + £(/>(to, xo) + F(to, xo, u(to, Xq), cr"^ V„0(to, ^o)) > 0. 


From (2.46) we obtain 


’"°,W,Z,)ds+ [ ZsdWs. 

a to 

By Ito’s formula, 

0(t,X*°’"°) = (^(to,a;o)+ f {ds(j) + C(j)}{s,Xl°’^°)ds+ T a’^V,0(s, 

a to a to 

Now we take any t G [to,^]- Note that the existence of a unique solution to (2.45) 
and (2.46) implies by Markov property that T) = u{t, Hence, (j){t, > 

u{t,Xl°’^°) = Yt- By touching property, on the set {(l){t, Xl°’^°) = Yt} we have 



dt(j){t, Xl°’^°) + C(j){t, + F{t, Yt, Zt) > 0 P-a.s., 

cr^V,,0(t,X*“’^“) - = 0 P-a.s. 


Now we set t = to- We have (p{tQ, Xl°’^°) = (p(to,XQ) = u{to,Xo) = Yt^. Moreover, the 
above equality implies Zt^ = a~^Xx((>ito,xo). Plugging the two equalities into the above 
inequality gives 

dt(f){to, Xo) + C(f){to, Xo) + F(to, Xo, u(to, xo), o-~^Vx^(to, xo)) > 0. 


Hence u is a viscosity subsolution to (2.44). u being a viscosity supersolution and thus 
a viscosity solution can be proved analogously. 


□ 
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Chapter 3 

Quadratic Semimartingale BSDEs 


3.1 Preliminaries 

The objectives of our study in this chapter are quadratic BSDEs driven by continuous 
local martingales. We £x the time horizon T > 0, and work on a hltered probabil¬ 
ity space (D, (J^i)ig[o,T], P) satisfying the usual conditions of right-continuity and P- 

completeness. Jd) is the P-completion of the trivial cx-algebra. Any measurability will 
refer to the hltration In particular, Prog denotes the progressive cx-algebra 

on D X [0,T]. We assume the hltration is continuous, in the sense that all local mar¬ 
tingales have P-a.s. continuous sample paths. M = (M^,..., stands for a hxed 

(i-dimensional continuous local martingale. By continuous semimartingale setting we 
mean: M doesn’t have to be a Brownian motion; the hltration is not necessarily gen¬ 
erated by M which is usually seen as the main source of randomness. Hence in various 
concrete situations there may be a continuous local martingale N strongly orthogonal to 
M. As mentioned in the introduction, we exclusively study M-valued BSDEs. They can 
be written as 

Yt = ^+ r {l^d{M),F{s,Y,,Z,) + gJ{N),) - {Z,dM, + dN,), 

Jt Jt 

where 1 := (1,is an M-valued J^T-measurable random variable, F : Q x |0,T] X 
M X M'’* —)■ M'^ is a Prog (8)i3(M) (8)i3(M'^)-measurable random function and g is an M-valued 
Prog-measurable bounded process. J^{ZsdMs -|- dNg), sometimes denoted by Z ■ M -|- A^, 
refers to the vector stochastic integral; see Shiryaev and Cherny [30]. The equations 
dehned in this way encode the matrix-valued process (M) which is not amenable to 
analysis. Therefore we rewrite the BSDEs by factorizing (M). This procedure separates 
the matrix property from its nature as a measure. It can also be regarded as a reduction 
of dimensionality. 

There are many ways to factorize (M); see, e.g.. Section III. 4a, Jacod and Shiryaev 
[20]. We can and choose A := arctan ((^*))- Hy Kunita-Watanabe inequality, we 
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deduce the absolute continuity of (M*, M^) with respect to A. Note that such choice 
makes A continuous, increasing and bounded. Moreover, by Radon-Nikodym theorem 
and Cholesky decomposition, there exists a matrix-valued Prog-measurable process A 
such that (M) = (A''^A) ■ A. As will be seen later, our results don’t rely on the specihc 
choice of A but only on its boundedness. In particular, if M is a d-dimensional Brownian 
motion, we may choose At = t and A to be the identity matrix. 

The second advantage of factorizing (M) is that 

l^d{M)sF{s,Ys,Zs) = l^X]XsF{s,Ys,Zs)dA,, 

where f(t, y, z) := l''^Aj XsF{s, y, z) is M-valued. Such reduction of dimensionality makes 
it easier to formulate the difference of two equations as frequently appears in comparison 
theorem and uniqueness. Hence, we may reformulate the BSDEs as follows. 

BSDEs: Definition and Solutions. Let A be an M-valued continuous nonde¬ 
creasing bounded adapted process such that (M) = (A^A) ■ A for some matrix-valued 
Prog-measurable process A, / : ffx[0,T]xMxM'^ —)-Ma Prog ( 8 )H(M) ®i3(M'’*)-measurable 
random function, g an M-valued Prog-measurable bounded process and ^ an M-valued 
J^j-measurable random variable. The semimartingale BSDEs are written as 

yt = ^+ [ {f{s,Y,,Zs)dAs + gsd{N)s)- [ (Z^dM^ + dNs). (3.1) 

Jt Jt 

We call a process (E, E, N) or (E, Z-M+N) a solution to (3.1), if E is an M-valued contin¬ 
uous adapted process, Z is an M^valued Prog-measurable process and N is an M-valued 
continuous local martingale strongly orthogonal to M, such that P-a.s. Zjd{M)sZs < 
-l-cxD and Jq \f{s,Ys, Zs)\dAs < -|-cxd, and (3.1) holds P-a.s. for all t G [0,T], 

Note that the factorization of (M) gives Zjd{M)sZs = /g \XsZs\‘^dAs. Hence we 
don’t distinguish these two integrals in all situations. Zjd{M)sZs < +oo P-a.s. en¬ 

sures that Z is integrable with respect to M in the sense of vector stochastic integration. 
As a result, E ■ M is a continuous local martingale. M and N being continuous and 
strongly orthogonal implies that = 0 for i = l,...,d. We call / the generator, 

^ the terminal value and Jq |/('S, 0, 0)|(iAs) the data. In our study, the integrability 
property of the data determines the estimates for a solution. The conditions imposed on 
the generator are called the structure conditions. For notational convenience, we some¬ 
times write (/, (7,0 instead of (3.1) to denote the above BSDE. Finally, (3.1) is called 
quadratic if / has at most quadratic growth in z or is not indistinguishable from 0 . 

Regarding the existence results, most literature requires to be a constant; see, e.g., 
[15], [26], [25]. The reason is that g ■ (N) can be eliminated via exponential transform 
only if is a constant. Tevzadze [31] allows g to be any bounded process but their results 
are less general in several aspects. We also point out that in mathematical finance, g 
usually appears as a constant; see, e.g., [24], [5], [19], [17]. 

We take a further step by studying bounded and unbounded solntions to BSDEs 
associated with any bounded process g, and with monotonicity at 7 / = 0 and at most 
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quadratic growth in z. The conditions to our knowledge are the most general compared 
to existing literature. We start from bounded solutions to Lipschitz-quadratic BSDEs 
(see Section 3.2) and then extend the results to general quadratic BSDEs (see Section 
3.3, 3.4). 

Let us close this section by introducing all required notations for this chapter. -C 
stands for the strong order of nondecreasing processes, stating that the difference is 
nondecreasing. For any random variable or process Y, we say Y has some property if 
this is true except on a P-null subset of D. Hence we omit “P-a.s” in situations without 
ambiguity. Dehne sgn(x) = For any random variable X, dehne ||W||^ to 

be its essential supremum. For any cadlag adapted process Y, set Yg^t '■= Yt — Yg and 
Y* := sup^gjoj.] \ Yt\. For any Prog-measurable process H, set \H\g^t := H^dAu and 
\H\t := |Lf|o,t- T stands for the set of all stopping times valued in [0,T] and S denotes 
the space of continuous adapted processes. For later use we specify the following spaces 
under P. 

• S°°: the space of bounded processes Y E S with ||y|| := ||F*||^; S°° is a Banach 
space; 

• Xi: the set of continuous local martingales starting from 0; for any valued 
Prog-measurable process Z with Zjd(M)gZg < -|-oo, Z ■ M E M; 

• XiP[p > 1); the set oi M E M. with 

\\M\\^, := (E[(M)|])D+«d; 

in particular, is a Hilbert space; 

• the set of BMO martingales M E Xi with 

WWbmo ■= sup |1 e[(M)^,t1-7v]2|| ; 

tST 

X 4 BM 0 jg Banach space. 

Xi^ being a Hilbert space is crucial to proving convergence of the martingale parts 
in the monotone stability result of quadratic BSDEs (see, e.g., Kobylanski [22], Briand 
and Hu [9], Morlais [26] or Section 3.3). Other spaces are also Banach under suitable 
norms; we will not present these facts in more detail since they are not involved in our 
study. ^ 

Finally, for any local martingale M, we call {o'„}neN+ C T a localizing sequence if 
increases stationarily to T as n goes to -|-cx) and is a martingale for any n E N"*". 
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3.2 Bounded Solutions to Lipschitz-quadratic BSDEs 

This section takes one step in solving quadratic BSDEs and consists in the study of 
equations with Lipschitz-continuous generators. In contrast to El Karoui and Huang [15], 
we allow the presence of g ■ (N). We point out that similar results for linear-quadratic 
generators have been studied by Tevzadze [31], but the case of Lipschitz-continuity is not 
available in that work. Due to its importance for regularizations of quadratic BSDEs, we 
study existence and uniqueness results for equations of this particular type in the first 
step. To this end, we assume 

Assumption (A.l) There exist /9,7 > 0 such that ]|^]|oo+ |||!/(') 0) 0)1 l^Hoo ^ 

/ is Lipschitz-continuous in {y,z), i.e., P-a.s. for any t G [0,T], y,y' G M, z,z' G M'^, 

\f{t,y,z) - f{t,y',z')\ <^\y-y'\ +-f\Xt{z - z')\. 

Due to the presence of g ■ (N), we call the BSDE {f,g,^) satisfying (A.l) Lipschitz- 
quadratic. Given (A.l), we are about to construct a solution in the space tSS := x 
j^BMO equipped with the norm 

\\(Y,Z-M + N)\\ := (\\Yf + \\Z-M + Nf^^aY< 

for iy, Z ■ M -\- N) G X . Clearly (e^, ]|-]|) is Banach. As a preliminary result, 

we claim that the existence result holds given sufficiently small data. 

Theorem 3.1 (Existence (i)) If{f,g,^) satisfies (A.l) with 

ll?llL + 8|||l/(-.0,0)||,,||^<iexp(-p||(8,3=||/l||+8y)) (3.2) 

and P-a.s. \g.\ < g := then there exists a solution in ]|-]|). 

Proof. To overcome the difficulty arising from the Lipschitz-continuity, we use Banach 
fixed point theorem under an equivalent norm. Set p > 0 to be determined later. For 
any A G L“,r G 5“ and M G set ]|A]|^^^ := ]|e 2 ^^A]|^, ||F||^ := \\e 2 ^Y\\ 

■“id W^fWnMo.f '= l|e‘'‘ ■ {Y,Z ■ M + N) € SS, set 

II (y, Z-M + Af)||^ := (IIVIlJ + ||Z . Af + iV|||„o,s) 1 

Since A is bounded, jl-]!^ is equivalent to the original norm for each space. Hence ]|-]|p) 
is also a Banach space. For any R> 0, define 

Br := {{Y,Z ■ M + N) e iXg : \\{Y,Z ■ M + N)\\^< R}. 
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We show by Banach hxed point theorem that there exists a nniqne solntion in B/j 
with i? = ^. To this end, we dehne F ; (B/j, H-H^) —)■ (e^, IHIp) snch that for any 
{y^z ■ M + n) G Br, {Y^Z ■ M + N) := F((?/, z ■ M + n)) solves 

Yt = ^ + j^ {f{s,ys,Zs)dAs +gsd{n)s) - (Z^dAIs + dNs). 

Indeed, snch (F, Z, N) nniqnely exists dne to martingale representation theorem. More¬ 
over, by standard estimates, (Y, Z ■ M + N) G IHIp)- 

(i). We show F(B/j) C B^^. For any t E T, Ito’s formnla applied to e^^ Y^ yields 


e^^"|W|2 + pE[ / eP^^Y^dAs 




E 


(z]d{M)sZs + d{N)^ 


Tr 


<llellL,p + 2Ef / eP^^\Y,\\f{s,ys,Zs)\dA, 


J^r 


+ 2E 


eP^^\Ys\\gs\d{n), • (3.3) 


By (A.l), 


\Ys\\f{s,ys,Zs)\ < |W||/(s,0,0)|+/3|W|||/,|+7|W||A,z,|. 

We ping this ineqnality into (3.3) and estimate each term on the right-hand side. Using 
2ab < -I- 86^ gives 


2E 


e"^^|W||/(s,0,0)|dA, wJ <-||F||^ + 8 e[ / e5^1/(s,0,0)|dA 


J^r 


<Fni^ + 8|lll/(->0d 


IT11 oo,p’ 


2(3E 


eP^‘\Ys\\ys\dAs wJ < Jy\\l +8(3 ^e\ / 




< glbilp + 8/3^||A||E 


eP^^lYJ'^dAs 


Tr 


27 E 


wJ <-||z-M|||^o„ + 87 'e[ / 




2E 


eP^^\Y,\\gs\{N),J^,] <-\\Y\\l +8g^E\ / e^^=d(iV) 




<o\\y\\l + 8f\\n"^ 


BMO,p- 
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Set p := 8/3^ 11A11 + 87 ^ so as to eliminate E[ jJ" on both sides. Hence 

(3.3) gives 


+ / eP^^{z]d{M)sZs + d{N) 


/ 

<ll«llh, + 8llll/(-.0.0)|j^||7^+t||F||J 

+ g(l|y|lp + Ik ■ ^^IIbmo,p) Sp IkllsMO,/)- (3-4) 

Taking essential supremum and supremum over all r G T, and using the inequality 


-||(r, Z-M + ]V)||;< iiriij V||z -m + 


< sup 

rST 


e^^"|K |2 + E[ / eP^^(zJd{M),Z, + d{N) 




we deduce by transferring |||H||^ to the left-hand side of (3.4) that 

||(y, Z-M + N)\\l < 411517,. + 32|| j|/(-,0,0)|7||7„ + t (IIpIIJ + 7 - + 32^ 

< 4II5IIL,, + 32||||/(-,0,0)|7|7„ + + 32g^R\ 

Thanks to (3.2), g = ^ and i? = |, we verify from the above estimate that 


\\{Y,Z,N)l<R. 

(ii). We prove F : (B^j;, H-H^) —)■ (B^, H-H^) is a contraction mapping. By (i), for 
i = 1, 2 and any {y\ z^-M+rd) G B/j, we have {Y\ Z^-M+N^) := F{{y\ z^-M+n^)) G B/j. 
For notational convenience we set Sy := y^ — y^ and 6 z,Sn,6{n),6Y,6Z,SN,6{N), etc. 
analogously. By the deductions in (i) with minor modifications, we obtain 


1 

2 


\\iSY,sz - M + W)7 < h||%7 + I|fc ■ + zlkril 


Ag ^sup 

rST 


E 


s. 4 


d\5{n). 




1 2 


(3.5) 


Kunita-Watanabe inequality and Cauchy-Schwartz inequality used to the last term gives 


E 




Tr 


< E 


e2^'’d((5n)< 


J^r 

1||2 


E 


— II'^^IIbmo.p ■ 2(||n llsMo.p + ll’^ Wbmo 


e^^‘d{n^ -I- n^)< 

J 


Tr 


4 

BMO,p 
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where the last inequality is due to \\{y\ z* • M + n*)||^ < R, i = 1,2. Hence (3.5) gives 

\\(SY,SZ-M + SN)f^ < t(l|%l|J+||fc'M||i„oJ +64?ii^llHlL,o,, 

< (^+649"fl2)||(i9,fc.M + fa)||J 

< ^ll(%.fc'V + in)||J, 

i.e., F : (B/?, IHIp) — )■ (B^, IHIp) is a contraction mapping. The existence of a solution 
in Bij thus follows immediately from Banach hxed point theorem. Finally, since H-H is 
equivalent to ll'H^ for the solution also belongs to (^, H-H). 


□ 

From now on we denote ll'H) by ^ when there is no ambiguity. In the spirit of 
Tevzadze [31], we extend this existence result so as to allow any bounded data. To this 
end, for any Q equivalent to P we dehne 5°°(Q) analogously to but under Q. This 
notation also applies to other spaces. 

Theorem 3.2 (Existence (ii)) If {f,g,0 satisfies (A.l), then there exists a solution 

io if,g,0 

Proof, (i). We hrst show that it is equivalent to prove the existence result given | < | 
P-a.s. Suppose that g is bounded by a positive constant g, that is, \g.\ < g P-a.s. Observe 
that, for any 9 > 0, {Y,Z,N) is a solution to {f,g,^) if and only if {9Y,9Z,9N) is a 
solution to if^, g/d,9^), where f^{t,y,z) := 9f{t, |). Obviously verihes (A.l) with 

the same Lipschitz coefficients as /. If we set 6 := 8g, then \g./6\ < | P-a.s. and hence 
satishes the parametrization in Theorem 3.1 (existence (i)). Therefore, we can and do 
assume | < | P-a.s. without loss of generality. 

(ii). Since ||^||^ + || | !/(•, 0, 0)| |^||^ < +cx), we can hnd n G N"*" such that 

n n 

e = /(t,o,o) = 5^r(t,o,o), 

i=l i=l 

where, for each i < n, is a J^^-measurable random variable, /* : O x [0, T] x M x —)■ M 

is Prog(8)i3(M) ® H(]R'^)-measurable and 

Ilf 111+ 8||||/‘(-.0,0)11^11^ <iexp(-||/l||(8y||/l||+8y)). 

Set /'(t, y, z) := f{t, y, z) — f{t, 0, 0) and {Y^, Z^ ■ M + N^) G IZ such that || (F°, Z^ ■ 
M -|- N^)\\ = 0. Now we use a recursion argument in the following way for i = 1, 
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By Theorem 3.1, there exists a solution {Y\ ■ M + iV®) G e^(Q®) to the BSDE 





(/■(S, 0,0)+ F/, 5] ZJ) 

j=0 j=0 


j=0 j=0 


+ 


9sd{N^)s- / {ZldM^ + dNl), 


where 



J=0 


Note that the equivalent change of measure holds due to the fact that G for 

j <i — l and Theorem 2.3, Kazamaki [21]. By Girsanov transformation and Theorem 3.6, 
Kazamaki [21], := A^® + 25 f ■ (A^®, ^ belong to . This further 

implies (A^®) = (A^®) and A^® = A^® + 25 f ■ (A^®, Hence {Y\ Z® ■ M + A^®) G ^ 

solves 


2—1 2—1 


L O L X V X 

(/‘(s, 0,0)+/'(s, Yj, Y^n- /'(*>. E E 

j=0 j=0 j=0 j=0 

+ r gsd(^{N^)s + 2{N\^N^),)- r {ZidM, + dNl). 


Hence a recursion argument gives (H®, Z^,N^) for f = 1, 

Define Y := Y]'i=o Y\ Z := and A^ := ^®®^q N\ Clearly {Y,Z-M + N) 

We show (y, Z, N) solves (/, g, ^). In view of the definition of /', we sum up the above 
BSDEs to obtain 

Y, = ^ + ((/(s, 0, 0) + f{s, W, Z,))dA, + gJ{N),'^ - {6ZJM, + ddN ^). 

To conlcude the proof we use /'(s, Yg, Zg) := /(s, W, Zg) — f{s, 0, 0). 


□ 

We continue to show that comparison theorem and hence uniqueness also hold given 
Lipschitz-continuity. Similar results in different settings can be found, e.g., in [24], [18], 
[26], [31]. 

Theorem 3.3 (Comparison) Let {Y, Z ■ M + N), (W, Z’ ■ M + N') e x be 

solutions to {f,g,0> respectively. IfF-a.s. for any {t,y,z) G [0,T] x M x 

f{t,y,z) < f{t,y,z), gt <g[, ^ and {f,g,0 verifies (A.l), then P-a.s. Y <Y'. 
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Proof. Set 6 Y :=Y — Y' and 6 Z,6N,S{N),S^, etc. analogously. For any t eT, P-a.s. 
f < f' and g. < g[ imply by Ito’s formula that 


dFiA. = dn + 

r {f{s,Ys,Zs)- f\sX.Z's))dAsY 

f gsd{N)s- 

r g'sdiXs 


) tt\T 

J tAr 

J tAr 

- / {bZsdMsYdbN^ 

diAr 



< dK + 

r {f{s,Ys,Zs)-f{sX,Z's))dAs + 

r g'sd6{N)s - 

■ [ (6ZsdMs + d6Ns) 


J thT 

J tAr 

J tAr 

= dn + 

/ {l3s5Ys + {\sisYX5Zs))dAs+ / gXiXs- 
J tAr J tAr J 

f {6ZsdMs + d6Ns), 
Uat 


(3.6) 


where /3 (M-valued) and 7 (M'^-valued) are defined by 


(3s := 


f{s,Ys,Zs)-f{sX,Zs) 


SYs 


Is 




and 0 := (0,..., 0)"'^. Note that 7 can be seen as defined in terms of discrete gradient. By 
(A.l), (3. and Jq'jJ d{M)s'ys are bounded processes, hence 7 ■ M G . Given these 

facts we use a change of measure to attain the comparison result. To this end, we define 
a BMO martingale 

A ;= 7 . M + c/'■ (iv + AT'). 

In view of Theorem 2.3 and Theorem 3.6, Kamazaki [21], we define 


dQ 

dP 


£{K)t. 


5N — g' ■ 5{N) oxid 5Z ■ M — yC'\5Z) ■ A he\o\ig to iff). Therefore, (3.6) 

and P-a.s. < 0 give 


dT;< 


J^t] + 


(3sSYsdAs 




< 


PsdYsdAs 


Jt 




Hence we obtain by Gronwall’s lemma that P-a.s. dF) < 0. Finally by the continuity of 
Y and H', we conclude that P-a.s. Y. < Y(. 


□ 
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As a byproduct, we obtain the following existence and uniqueness result. 

Corollary 3.4 (Uniqueness) lf{f,g,0 satisfies (A.l), then there exists a unique so¬ 
lution in SS. 

Proof. This is immediate from Theorem 3.2 (existence (ii)) and Theorem 3.3 (compar¬ 
ison theorem). 


□ 


3.3 Bounded Solutions to Quadratic BSDEs 

In this section, we prove a general monotone stability result for quadratic BSDEs. Let 
us recall that Morlais [26] uses a stability-type argument for the existence result after 
performing an exponential transform which eliminates g ■ (N). But a direct stability 
result is not studied. Our work fills this gap. 

Secondly, as a byproduct, we construct a bounded solution via regularization through 
Lipschitz-quadratic BSDEs studied in Section 3.3. This procedure is also called Lipschitz- 
quadratic regularization in the following context. To this end we give the assumptions 
for the whole section. 

Assumption (A.2) There exist /? > 0, 7 > 0, an M'''-valued Prog-measurable process 
a and a continuous nondecreasing function ip : M’*' —>■ M+ with <y 9 ( 0 ) = 0 such that 
il^lloo + III«It|Ioo < +00 and P-a.s. 

(i) for any t G [0,T], {y,z) 1 — > f(t,y,z) is continuous; 

(ii) / is monotonic at y = 0, i.e., for any [t, y, z) G [0, T] x M x 

sgn{y)f{t,y,z) < at + atfi\y\ + ^\Xtz\^; 

(iii) for any {t,y,z) G [0,T] x M x M'^, 

\f{t,y,z)\ < at + atp{\y\) + 

We continue as before to call (^, IoIt) the data. (A. 2 )(ii) allows one to get rid of the 
linear growth in y which is required by Kobylanski [22] and Morlais [26]. Assumption 
of this type for quadratic framework is motivated by Briand and Hu [9]. Secondly, our 
results don’t rely on the specific choice of p. Hence the growth condition in y can be 
arbitrary as long as (A. 2 )(i)(ii) hold. 

Given (A.2), we first prove an a priori estimate. In order to treat {Z ■ M) and g ■ (N) 
more easily, we assume P-a.s. \g.\ < ^ for the rest of this chapter. 
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Lemma 3.5 (A Priori Estimate) If satisfies (A. 2) and (Y, Z ■ M + N) G 

S°° X M. is a solution to then 

iini < |K'”i"(ki + |aiT)iL 

and 


\\Z ■ M A||< Ch, 

where Cf, is a constant only depending on /3,7, ll^llo^, |||a|r| 


Proof. Set uix) := 


_exp( 73 ;) — 1 — 7 a; 


7^ 


The following auxiliary results will be useful; u{x) > 


Q,u\x) > 0 and u'\x) > 1 for a: > 0; m(| • |) G C^(M) and u'\x) = ■ju'{x) + 1. For any 
T,a E T, Ito’s formula yields 


w(|Ka.|)=w(|>^|)+ I u'(|y;|)sgn(n)dn-^ / u'\\Yfi)(Zjd{M),Z, + d{N), 


' rAa 


By (A.2)(ii), 


sgn(n)/(s,n,Z,) < as + a^mi + \AsZs?. 


Note that ?u'(|Ps|) - lu”{\Ys\) = gsu'{\Ys\) - ^u”{\Ys\) < and u'{\Ys\) < 


p-t\\Y\\ 


Hence, using these facts to the above equality yields 

p7iTil r 


1 

2 


' rAa 


Zjd{M)sZ, + d{N)A < 


T 


+ 


m'(|F^|)(q!s + asfi\Ys\)dAs 


' rAa 


u'{\Yfi)sgn{Ys){ZsdMs + dN,). 


' tAct 


To eliminate the local martingale, we replace a by its localizing sequence and use Fatou’s 
lemma to the left-hand side. Since Y* and \a\T are bounded random variables, the right- 
hand side has a uniform constant upper bound. Hence, we have 


1 e7lTII e7lTII 

-E[{Z.Af + ]VKjyj < —+ —(l + /)||F||)|||a| 


T 


7 


(3.7) 


Now we turn to the estimate for Y . We fix s G [0, T] and for t G [s, T], set 

Ht := exp + 7 ^ . 

We claim that FT is a submartingale. By Tanaka’s formula, 

d\Yt\=sgn{Yfi{ZtdM^ + dN,)-sgn{Y,){f{t,Yt,ZfidA + gtd{N)t)+dmY), 
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where L^{Y) is the local time of Y at 0. Hence, Ito’s formula yields 


dHt = [sgn(Fi)(Z,dM, + dN^) 

+ ~ Yt, Zt) + tti + atl3\Yt\ + '^e^^°‘^‘’'^\XtZt\‘^'jdAt 


sgn{Yt)gt + 


t + dL^dy) 


By (A.2)(ii) and \g.\ < ^ again, {Ht)t£[s,T] is a bounded submartingale. Hence, 

ini < -lnE[i7r|-^.]. 

/y L I J 

Thanks to the boundedness, we have 

||y|| < ||e‘''“'yi?l + |a|T)|L. 

Finally we come back to (3.7) and obtain the estimate for Z ■ M + N. 


□ 

Given the norm bound in Lemma 3.5, we turn to the main result of this section; 
monotone stability result. Later, as an immediate application, we prove an existence 
result for quadratic BSDEs by Lipschitz-quadratic regularization. To start we recall 

that JYl'^ equipped with the norm ||M ||_^2 := ^ for M G JYl'^ is a Hilbert space. 


Theorem 3.6 (Monotone Stability) Lef(r,(7Gr)neN+ satisfy (A.2) associated with 
{a, /3, 7 , (p), and (H”, Z” ■ M + N"-) be their solutions in SS, respectively. Assume 

(i) is monotonic in n and ^ — > 0 P-a.s. with sup„||^”'||^ < +oo; 

(ii) P-a.s. for any t G [0,T], g'f - gt — ^ 0; 

(iii) P-a.s. for any t G [0, T] and y'^ — )■ y, z"- — 2 ;, f"'{t, |/”, — )■ f{t, y, z). 

Then there exists [Y, Z ■ M + N) G ^ such that H” converges to Y P-a.s. uniformly 
on [0,T1 and (Z"'-M + NA converges to iZ■ M + N) in jYh^ as n goes to -|-cxd. Moreover, 
{Y,Z,N) solves {f,g,0- 

Proof. Without loss of generality we only consider to be increasing in n. By Lemma 
3.5 (a priori estimate). 


sup||y"|| + sup||Z" ■ M + N^Iemo < Cb, (3.8) 
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where Ch is a constant only depending on /3,7,sup„ ll^"'lloo’ II I'^l'rlloo- intensively 

on the boundedness result in (3.8) to derive the limit. 

(i). We prove the convergence of the solutions. Due to (3.8), there exists a bounded 
monotone limit h) := lim„ a subsequence indexed by {nfc}fcgi!j+ C N+ and Z-M + N G 

A4‘^ such that Z"'* ■ M + converges weakly in to Z ■ M + N as k goes to +oo. 

The task is to show Z ■ M + N is the Ad^-limit of the whole sequence. To this end we 
dehne u{x) := ^ > 0,M'(a;) > 0 and u”{x) > 0 for x > 0; 

u G C^(]R) and u"{x) = Sju'^x) + 1. For any m G {nk}k&n+ A ^ with m > n, dehne 
^ym,n ._ ym _ = Y — Y'^ and 6 Z^’'^, dZ'^, 6N^, etc. analogously. By 

Ito’s formula, 


E[n(5yo"*’")] -E[n(5r’")] =E / u'{6Yrn{ris,Yr,ZT)-ns,Y:,Z:))dA, 


E 

-E 

2 


u'{6Ym{9Td{N^)s-g:d{N^)s) 


'-Jo 


n"(5F™’") {6Z^’yd{M)s{6Z^’^) + d{6N^’^), 


(3.9) 


Since Z™' and /” verify (A. 2 ) associated with (a,/?, 7 , 99 ), we have 

\r{s,Yr,zT)-ns,Y;,z:)\ 

<a'+||A,Zrp+||A,Z,"|2 

< < + !^(|A.AZr’”|= + |A,AZ.”P + |A,Z.|") + 7(|A.AZ.”P + |A.Z,|") 

< a' + ^|A,AZr’“|^ + y (|A,AZ,"P + \\.ZX), 

where 

a'g := 2as(l + (p(cfc)) > 2as + as^p{\Y^\) + as'^{\Y^\). 

Moreover, 

g^d{N^) - g^d{N^) < '^d{N^) + '^d{N^) 

< ^d{5N^'^) + ^{d{SN^) + d{N)). 
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Plugging the above inequalities into (3.9), we deduce that 


E 


'-JO 




+ E 




\v!' - {6Y^^’^)d{6N^’^), 


<E[n(5r’")] +E / u'i6Y:-'^)(a', + ^{\XJZ:\‘^ + \X,Z,\^))dA 


57 


E 


'-JO 


«'(»'r”)y7(i5'V”). + d{]V).) 


(3.10) 


Due to the weak convergence result and convexity of z 1 —> \z\^, N 1 —> (N), we obtain 


E 


1 „ 37 A .. 1 .„r /I 


^u" - ^u') { 6 Yp)\XtZ^\‘^dA 


E 




y'-hu'](6Y:)d{6N’‘), 


< liminfE 


< liminfE 


'-^0 


- ^v!'){6Y^'^)\\tZ^''^\^dAs 


]^u" - yu') {5Y^'^)d{5N^'^), 


We then come back to (3.10) and send m to +cx) along {nk}keN+- Taking the above 
inequalities into account and using u'{6YJ^’'^) < u\5Y^) to the right-hand side, (3.10) 
becomes 

rT 


E 


lu" - ^u'){ 6 Y^^)\XsZ^\’^dA, 


E 




y'-hu'](6Ynd{6N’'). 


< E[n(hr)] +E 


u 


'(»'”)(7+y(|W.”l"+|A.Z. 


dA, 


2 


u'{ 6 Y:){d{ 6 N^)s + d{N)s) 


(3.11) 


Since u"{x) — S'ju'lx) = 1, rearranging terms give 
iE[(31V7"] + )E[ / |A.3Z;‘p<iA 
< E[«(Ar)] +e[ f «'(Ay”)(a( + yl^.Z.r)<iAl, 


+ ^E 

2 


u'{ 6 Y:)d{N), 


(3.12) 

Finally by sending n to -|-cx) and dominated convergence we deduce the convergence. 

(ii). We prove {Y,Z ■ M N) G ^ and solves {f,g,^)- Here we rely on the same 
arguments as in Kobylanski [22] or Morlais [26] and omit the details here. In addition, 
we need to prove the u.c.p convergence of g"' ■ (N^), which holds if 


lim E 

n^oo 


{g:d{N-)s - gsd{N)s) 


= 0 . 
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Indeed, by Kunita-Watanabe inequality and Cauchy-Schwartz inequality, 


E 


{g:d{N^), - gsd{N),) 


= E 


g:d{{N^),-{N),) + {g:-g,)d{N)^ 


< |E[(7V--iV)T]^E[(iV" + iV)T]^+E[| {g:-gs)d{N), 


<jCbE[{N^-N)TY+E / \g:-g,\d{N), 

Jo 


We then conclude by ^-convergence of iV" and dominated convergence used to the 
second term. Finally Z ■ M + N G by Lemma 3.5 (a priori estimate). 

For decreasing F"’, we take m G N^,n G {nA;}fcgN+ with n > m and conclude with 
exactly the same arguments. 


□ 

There are several major improvements compared to existing monotone stability re¬ 
sults. First of all, in contrast to Kobylanski [22] and Morlais [26], we get rid of linear 
growth in y by merely assuming (A.2), and allow g to be any bounded process. Secondly, 
we treat the convergence in a more direct and general way than Morlais [26]. 

Another advantage concerns the existence result. Thanks to Section 3.2 and Theo¬ 
rem 3.6, we are able to perform a Lipschitz-quadratic regularization where exponential 
transform to eliminate g ■ (N) is no longer needed; this is in contrast to Morlais [26]. 
This also helps to prove the existence of unbounded solutions with fewer assumptions; 
see Section 3.4. 

Proposition 3.7 (Existence) If{f,g,^) satisfy (A.2), then there exists a solution in 

SS. 


Proof. We use a double approximation procedure and use Theorem 3.6 (monotone sta¬ 
bility) to take the limit. Dehne 

r’\t,y,z) : = ini {f+{t,y',z') +n\y -y'\ + n\Xt{z - z')\} 

y ,z' 

- inf {/"(t,2/',^') + ^ll/-|/1 + k\Xt{z - z')\}. 

y 

By Lepeltier and San Martin [23], is Lipschitz-continuous in {y, z); as fc goes to -foo, 
jn,k converges increasingly uniformly on compact sets to a limit denoted by as n 

goes to -|-oo, converges increasingly uniformly on compact sets to /. 

By Corollary 3.4, there exists a unique solution ■ M + N^’^) G to 

g, ^)] by Theorem 3.3 (comparison theorem), is increasing in n and decreasing 
in /c, and is uniformly bounded due to Lemma 3.5 (a priori estimate). We then £x n and 
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use Theorem 3.6 to the sequence indexed by k to obtain a solution (F", Z^-M + N'^) G ^ 
to g,0- Due to the P-a.s. uniform convergence of we can pass the comparison 

property to Y"'. We use Theorem 3.6 again to conclude. 


□ 

Remark. In contrast to Kobylanski [22] , the existence of a maximal or minimal solution 
is not available (yet) given (A.l) as the double approximation procedure makes the 
comparison between solutions impossible. 

There is also a rich literature on the uniqueness of a bounded solution to quadratic 
BSDEs; see, e.g., [22], [24], [18], [26]. Roughly speaking, they essentially rely a type of 
locally Lipschitz-continuity and use a change of measure analogously to Section 3.2. The 
proof in our setting is exactly the same and hence omitted to save pages. 

To end this section we briefly present various structure conditions used in different 
situations. 

Assumption (A.2') There exist /3 > 0,7 > 0, an M^-valued Prog-measurable process 
a, and a continuous nondecreasing function tp : M’*' —)■ M’*' with <y9(0) = 0 such that P-a.s. 

(i) for any t G [0,T], {y^z) \ — > f(t,y,z) is continuous; 

(ii) / is monotonic ai y = 0, i.e., for any (t, y, z) G [0, T] x M x M'^, 

sgn(y)f(t,y,z) < at + l3\y\ -F 

(iii) for any {t,y,z) G [0,T] x M x M'^, 

\f{t,y,z)\ < atYp{\y\) + ^\\tz\^. 

Given bounded data, (A.2') implies (A.2). Indeed, 

sg^{y)f{t,y,z) < Oi V 1 + (ttt V l)/3\y\ + 

\f{t,y,z)\ < Oi V 1 + (at V 1)<^(||/|) + ||At^p. 

Hence (A.2') verihes (A.2) associated with (a V 1,(3,^,^). However, given unbounded 
data, (A.2') appears to be more natural and convenient. This will be discussed in detail 
in Section 3.4. 

In particular situations where the estimate for \f{s,Ys,Zs)\dAs is needed, e.g., 
in analysis of measure change (see Section 3.5) or the montone stability of quadratic 
semimartingales (see Chapter 4), there has to be a linear growth in y, i.e.. 
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Assumption (A.2") There exist /? > 0, 7 > 0, an M+-valued Prog-measurable process 
a such that P-a.s. 


(i) for any t G [0,T], {y,z) 1 —> f(t,y,z) is continuous; 

(ii) for any {t,y,z) e [0,T] x M x 


\f{t,y,z)\ < at + P\y\ + ^\Xtz\^. 


Indeed, (A. 2 ") enables one to obtain the estimate for fj' |/(s, Zs)\dAs via 



's)\dA<\a\T + m\\y* + l{Z-M)T. 


3.4 Unbounded Solutions to Quadratic BSDEs 

This section extends Section 3.2, 3.3 to unbounded solutions. We prove an existence 
result and later show that the uniqueness holds given convexity assumption as an ad¬ 
ditional requirement. We point out that similar results have been obtained by Mocha 
and Westray [25], but our results rely on much fewer assumptions and are more natural. 
Analogously to section 3.3, we give an a priori estimate in the hrst step. We keep in 
mind that P-a.s. \g.\ < throughout our study. 

Lemma 3.8 (A priori estimate) If{f,g,^) satisfies (A. 2') and {Y,Z ■ M + N) G 5 x 
M. is a solution to (/, g, such that the process 



is of class V, then 



(3.13) 


Proof. We £x s G [0,T], and for t G [s,T], set 



(3.14) 


We claim that H is a local submartingale. Indeed, by Tanaka’s formula 


d\Yt\=sgn{Yt){ZtdMt + dNt)-sgn{Yt){f{t,Yt,Zt)dA + gtd{N)t)+dmY), 
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where L^{Y) is the local time of Y at 0. Hence, Ito’s formula yields 

dHt = [sgn{Yt){ZtdMt + dNt) 

+ ~ sgn(yi)/(f, Yt, Zt) + Oi + /3|y^| + '^e^"^"'^\\tZt\^'^dAt 

+ ( - sgn{Y,)g, + + dL^,{Y) . 

By (A.2')(ii), hf is a local submartingale. To eliminate the local martingale part, we 
replace r by its localizing sequence on [s,T], denoted by {r„}„gN+. Therefore, 


Y,\ < -\nE[HTATr,\J^s] 


7 

< — InE 
7 


exp 




rTAT„ 


g/3As,„ 




Finally by class V property we conclude by sending n to +oo. 


□ 


We then know from Lemma 3.8 that exponential moments integrability on |^| + \a\T 
is a natural requirement for the existence result. 

Remark. (A.2') addresses the issue of integrability better than (A.2). To show this, let 
us assume (A.2). We then deduce from Lemma 3.5 and corresponding class V property 
that 

(3.15) 

Obviously, in (3.15), even exponential moments integrability is not sufficient to ensure the 
well-posedness of the a priori estimate. For more dicusssions on the choice of structure 
conditions, the reader shall refer to Mocha and Westray [25]. 

Motivated by the above discussions, we prove an existence result given (A.2') and 
exponential moments integrability. Analogously to Theorem 3.7, we use a Lipschitz- 
quadratic regularization and take the limit by the monotone stability result in Section 
3.3. The a priori bound for Y obtained in Lemma 3.8 is also crucial to the construction 
of an unbounded solution. 


IWI < - InE 

7 


exp 






Theorem 3.9 (Existence) If satisfies (A.2') and + | a It) has expo¬ 

nential moment of order'y, i.e., 


E 


exp (^7e^^^(l^l + lain)) 


< + 00 , 


then there exists a solution verifying (3.13). 
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Proof. We introduce the notations used throughout the proof. Dehne the process 


Xt := -luE 

7 


exp ( 76 ^^^ (1^1 + \a\T 


Xt 


Obviously X is continuous by the continuity of the hltration. For m^n E M’*', set 

Tm := inf {t > 0 : \a\t + Xt > m] AT, 
an '■= inf {t > 0 : \a\t > n} A T. 

It then follows from the continuity of X and |a|. that Tm and increase stationarily 
to T as m,n goes to + 00 , respectively. To apply a double approximation procedure, we 
dehne 


:= l{t<an} inf , z') + n\y - y'\ +n|At(^ - z')\] 

y'X 

-ht<a„} inf^{f-{t,y',z') + k\y-y'\ + k\Xt{z - z')\}, 


y',z' 


and An — A k. 

Before proceeding to the proof we give some useful facts. By Lepeltier and San Martin 
[23], is Lipschitz-continuous in {y,z); as k goes to + 00 , converges decreasingly 
uniformly on compact sets to a limit denoted by as n goes to + 00 , converges 
increasingly uniformly on compact sets to F. Moreover, 10, 0)| and are 
bounded. 

Hence, by Corollary 3.4, there exists a unique solution ■ M + g 

to {f^'^ by Theorem 3.3 (comparison theorem), is increasing in n and 

decreasing in k. Analogously to Proposition 3.7, we wish to take the limit by Theorem 
3.6 (monotone stability). 

However, |/”’*^(-, 0, 0)|'r and are not uniformly bounded in general. To overcome 
this difficulty, we use Lemma 3.8 (a priori estimate) and work on random interval where 
and |/"'’^(•, 0, 0)|. are uniformly bounded. This is the motivation to introduce X 
and Tm- To be more precise, the localization procedure is as follows. 

Note that (/”’^, g, ^"'’^) verihes (A. 2 ') associated with (a, 13, 7 , (p). being bounded 
implies that it is of class V. Hence from Lemma 3.8 we have 


< -InE 


1 


■ i I — 


7 


exp +7 / 


Xt 


< — InE 
7 

In view of the dehnition of Tm, we have 


exp (" 76 ^"^*’^ 1^1 + 7 / e^X,T 


Xt 


(3,16) 


IK 


n,k 

t/\Tm 


<X, 


Zi ^tAT„ 


< m. 


n.k 


(■,0,0)||^ < |I[0,r^]tt|r^ < m. 


(3.17) 
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Hence 10, 0) 11 and are uniformly bounded on [0, r^]- Secondly, given Z^'^- 

M + which solves S',it is immediate that ■ M + 

solves We then use Theorem 3.6 as in Proposition 3.7 to 

construct a pair (H"*, {Z"^ ■ M + N^)) which solves (/, g, sup„ inf^ i.e., 

y;'" = supmfy;y+ / (F{s,Y;\Z’:‘)dA,+g,(N"').) - / {z:'dM, + dN,}. 

j tATm J tATm 

(3.18) 


Moreover, F™ is the P-a.s. uniform limit of F™ ■ M + is the Wl^-limit of 

^ ^ jyn.fc) 

.at,„ as /c, n go to +cxd. Hence 


ypJ: = 

Ip<,^}AtFr+' = XtZT dA ® dP-a.e, 

p-a.s. 

Dehne (F,F,At) on [0,T] by 


F 



+ 

^Fm- 

ym 





m>2 


F 

•= I{t<r, 

azI 

+ 


ym 
-l,Tm\^t 1 





m>2 


Nt 



+ 


-l,r™]ivr 


m>2 


(3.19) 


By (3.19), we have Ka..„ = I{i<T„|Zi = I(i<r„)Zr and /V.a..„ = Hence we 

can rewrite (3.18) as 


F 


tATrr 


/*Ym 

sup inf + / (/(s, F, FjdH, + gsd{N)s) 

n ^ J tATm 



{Z,dM, + dNs). 


By sending m to +cxd, we prove that (F, Z, N) solves (/, g,^). By (3.16), we have 


Yt 


sup inf Y^’^ 

n ^ 


< — In E 
7 





□ 

Compared to Mocha and Westray [25], we prove the existence result under rather 
milder structure conditions. For example, (A.2')(ii) gets rid of linear growth in y and 
allows g to be any bounded process, which has been seen repeatedly throughout this 
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chapter. Secondly, in contrast to their work, dAt CAdt, where ca is a positive constant, 
is not needed. Finally, they use a regularization procedure through quadratic BSDEs with 
bounded data. Hence, more demanding structure conditions are imposed to ensure that 
the comparison theorem holds. On the contrary, the Lipschitz-quadratic regularization is 
more direct and essentially merely relies on (A. 2 ') which is the most general assumption 
to our knowledge. This coincides with Briand and Hu [9] for Brownian framework. 

Due to the same reason as in Proposition 3.7, the existence of a maximal or minimal 
solution is not available. 

Remark. Analogously to Hu and Schweizer [19], one may easily extend the existence 
result to inhnite-horizon case. In abstract terms, given exponential moments integrability 
on exp(/3Aoo)|«|oo; we regularize through Lipschitz-quadratic BSDEs with increasing 
horizons and null terminal value. Using a localization procedure and the monotone 
stability result as in Theorem 3.9, we obtain a solution which solves the inhnite-horizon 
BSDE. 


As a result from Lemma 3.8, we derive the estimates for the local martingale part. 
To save pages we only consider the following extremal case. 

Corollary 3.10 (Estimate) Let {A.2') hold for {f, g,^) and (|^|-|-|a|r) has expo¬ 
nential moments of all orders. Then any solution {Y,Z,N) verifying (3.13) satisfies: Y 
has exponential moments of all order and Z ■ M + N G JYIp for all p > 1. More precisely, 
for all p > I, 










and for all p > 1, 


E 


Zjd(M),Z, + d(iV), 


< cE 


exp ( 4 p 7 e^^^(|,^| -f |a|r) 


where c is a constant only depending on p, 7 . 


Proof. The proof is exactly the same as Corollary 4.2, Mocha and Westray [25] and 
hence omitted. 


□ 

Let us turn to the uniqueness result. We modify Mocha and Westray [25] to allow 
g to be any bounded process rather than merely a constant. A convexity assumption is 
imposed so as to use 6 *-technique which proves to be convenient to treat quadratic terms. 
We start from comparison theorem and then move to uniqueness and stability result. 
Similar results can be found in Briand and Hu [9] for Brownian setting or Da Lio and 
Ley [11] from the point of view of PDEs. To this end, the following structure conditions 
on {f,g,^) are needed. 
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Assumption (A.3) There exist /5 > 0,7 > 0 and an M^-valned Prog-measnrable pro¬ 
cess a snch that P-a.s. 

(i) for any t G [0,T], {y,z) 1 — > f(t,y,z) is continnons; 

(ii) / is Lipschitz-continnons in y, i.e., for any {t,z) G [0,T] x y,y' G M, 

\f{'t,y,z) - f{t,y,z)\ <f3\y-y'\; 


(hi) for any {t,y) G [0,T] x M, z 1 —> f(t,y,z) is convex; 
(iv) for any {t,y,z) G [0,T] x M x 

\f{t,y,z)\ < at + f3\y\ + 


We start onr proof of comparison theorem by observing that (A.3) implies (A. 2 '). 
Hence existence is ensnred given snitable integrability. Likewise, we keep in mind that 
P-a.s. I^f.l < 

Theorem 3.11 (Comparison Theorem) Let {Y, Z ■ M + N), (Y\ Z' ■ M + N') G 5 x 

M. he solutions to (/,(?, 0) (/^CO; respectively, andY*,(Y')*, \a\T have exponential 
moments of all orders. //P-a.s. for any {t,y,z) G [0,T] x M x f{t,y,z) < f'{t,y,z), 
dt < dt! S') > 0, C ^ (/WjC) verifies (A.3), then P-a.s. Y. < Y'. 

Proof. We introdnce the notations nsed thronghont the proof. For any Q G (0,1), dehne 

6 ff.= f{tX,Z',)-f{t,Y:,Z'), 

6 eY :=Y- 9Y', 

6 Y :=Y - Y\ 


and 6 eZ, 6 Z, 60 N, 6 N, etc. analogonsly. Moreover, dehne 

f{txz,)-f{t,eYf,Zt) 


Pt ■= l{6eYtX 


SeYt 


By (A.3)(ii), p is bonnded by [3 for any 9 G (0,1). Hence \p\t < /5||A||. By Ito’s formnla, 
e\P\^5eYt = + T {gsd{N)s - 9g'XN')s) 


e\P\^{5eZJMs + d5eNs), 
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where 

Ff = f{s, Y„ Z,) - ef{s, Y:, Z') - pJgY,, 

= 65f, + (/(s, n, Z,) - /(s, f;, z,)) + (/(s, y;, z,) - ef{s, f;, z^)) - pjeYs. 

(3.20) 

We then use (A.3)(ii)(iii) to deduce that 

f{s, w, F,) - fit, F;, F,) = fis, w, F,) - fis, OY:, F,) + fis, OY:, F,) - /(s, F/, F,) 

= PsSeYs + fit, 0F;, F,) - fis, Y:, F,) 

<pM + ii-e)f3\Y:\, 

f(B, y ;, z .) - 9/(s, y ;, z ',) = f(s, y;', oz; + (i - o)^) - ef{t, v;, z'j 


1 - 6 ' 

< (1 — 6)as + (1 — 6)(3\Yg \ + 


7 


■lAA^.r. 


2 ( 1 - 0 ) 

We also note that P-a.s. 6fs < 0. Hence plugging these inequalities into (3.20) gives 


F! < (1 - »)(c,. + 2P\Y'.\) + luY-a{\^AZ.\"- 


2(1-9) 

We then perform an exponential transform to eliminate both quadratic terms. Set 


(3,21) 


c : = 


76' 


/3IAII 


1-0 ’ 

Pt := exp ice^P''^5eYt). 


By ltd’s formula, 


/ rp\p\= 

P, = Pt+ cP.e'^HF,^-— I^.F.ndH, 


.IpU 


+ cPse\>'\^(^gJ{N)s-6gid{N'),-^d{6eN),'^ 

- [ cPse^''^‘{SeZJM, + d5eN,). 


For notational convenience, we dehne 


G,:=cP,elA( 7 -^^|Z,Y), 

Ht := / cP,el"l“ [gsd{N), - 6gid{N'), - —d{N^),y 


55 











By (3.21), we have 


Gt = cPte'^l^ ((1 - 9){at + 2/?|F/|)) < P^Jt, 


where 

We claim that H can also be eliminated. Indeed, 

diSeN) = d{N) + e‘^d{N') - 2ed{N, N') 

> d{N) + e‘^d{N') - ed{N) - ed{N') 

= {I - e){d{N) - ed{N')) 

= {l-9)d5e{N). 

We then come back to H and use this inequality to deduce that 
gtd{N), - 9g[d{N'), - —d{6eN), = gtd{N), - g;d{N), - 9g[d{N'), - —d{SeN), 

^g|p|t 

< 9td^e{N)t + 9{gt - g[)d{N')t - —d{6gN)t 

< 0 , 


dne to g^ < g[ and g. < Hence dHt ^ 0. To eliminate G, we set Dt := exp (| J|t). By 
Ito’s formnla, 

diDtPt) = Dt(^{PtJt - Gt)dAt - dHt + cPte'^l *{dgZtdMt + ddgNt)'). 

Bnt previons resnlts show that {PtJt ~ Gt)dAt — dHt 3> 0. Hence DP is a local snb- 
martingale. Thanks to the exponential moments integrability on \a\T and {Y')* (and 
hence | J|t), we nse a localization procednre and the same argnments in Proposition 2.5 
to dednce that 


Pi <E 


exp 




We come back to the definition of Pt and observe that 


(3.22) 


<(i-^)iei. 
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Hence (3.22) gives 


exp 


76 ' 


m\\+\p\t 


i-e 


SoYt < E 


< E 


exp 

exp 


JsdAs) exp 


JsdAAexp (7e'^ll^ll|e|) 


J^t 

Tt 


Hence 


hYt < ^—^InE 

7 


exp (7e'^ll""l (lel + / («. + 2/?|F;|)dA 




Therefore we obtain P-a.s. T) < H/, by sending 0 to 1. By the continuity of Y and Y\ 
we also have P-a.s. Y. <Y', . 


□ 


As a byproduct, we can prove the existence of a unique solution given (A.3). 

Corollary 3.12 (Uniqueness) If satisfies (A.3), P-a.s. g. > 0 and |^|, \a\T 

have exponential moments of all orders, then there exists a unique solution {Y, Z, N) to 
{f,g,^) such that Y* has exponential moments of all order and {Z ■ M + N) G for 
all p > 1. 

Proof. The existence of a unique solution in the above sense is immediate from Theorem 
3.9 (existence), Theorem 3.11 (comparison theorem) and Corollary 3.10 (estimate). 


□ 

Remark. There are spaces to sharpen the uniqueness. The convexity in z motivates 
one to replace (A.3)(iv) by 

-At- I3\y\ - f^\Az\ < fit,y,z) < at + l3\y\ + 

Secondly, in view of Delbaen et al [12], we may prove uniqueness given weaker integra- 
bility, by characterizing the solution as the value process of a stochastic control problem. 

It turns out that a stability result also holds given convexity condition. The proof is 
a modihcation of Theorem 3.11 (comparison theorem). We set := N’*' U {0}. 

Proposition 3.13 (Stability) Let {f"', with g^ > 0 P-a.s. satisfy (A.3) 

associated with (a”,/3, 7 , (p), and (y",Z"',A^") he their unique solutions in the sense 
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of Corollary 3.12, respectively. If —> 0, Jq \f"' — f^Ks^Y^, Zg)dAs —)■ 0 in 

probability, P-a.s. —> 0 as n goes to +oo and for each p > 0, 


sup E 

neNO 


exp 


n I I ^ n 


+ a'' 


■))] 


< + 00 , 


(3.23) 


7 


sup \g"‘\ < - P-a.s. 

nSNO 2 


Then for each p > 1, 

exp{p\Y^-Y°\*) 

rT , 

{Zf - Z'^,yd{M)s{Zf - Z°) + d{N^ - iV°). 


limE 

n 

limE 


= 1 , 


= 0 . 


Proof. By Corollary 3.10 (estimate), for any p > 1, 


sup E 

nSNO 


exp (p(y”)*) + ( / ( {Z;yd{M).Z^ + d{N"), 


< - 1 - 00 . 


(3.24) 


Hence the sequence of random variables 

p 

exp {p\Y^ - F°|*) + (y {{Zf - Z^^yd{M)s{Zf - Z°) + d{N^ - N^))jY 
is uniformly integrable. Due to Vital! convergence, it is hence sufficient to prove that 
\Y'^ - ^1* + ^ - Z'iyd{M){Zf - Z°) + d(iV" - N))j 0 

in probability as n goes to -|-oo. 

(i). We prove u.c.p convergence of V” — Y^. To this end we use 6*-technique in the 
spirit of Theorem 3.11 (comparison theorem). For any 9 G (0,1), dehne 


5/r 

6g- 

5oY^ 


nt,Yi>,z^)-nt,Yi>,z'^), 
9^ - 9-, 

yO _ ^yn 


and 5eZ'^,5eN^, 6g{N)'^, etc. analogously. Further, set 

ntx,zf)-nt,Y,czf) 


Pt ■— I{yy_yn^o}' 
A\\A\\ 


yo _ yn 


c := 




1-9' 


:=exp 

j-;=^e2/^ll^ll(«r + 2/3|V,°|), 

Dr ~exp{J‘j;dA.). 


58 













Obviously p is bounded by /3 due to (A.3)(i). The ^-difference implies that 

= if:+(orit, y;: zr) - «/”(*. n", zd) + (/"(«, rp z,») - era, y;>, z;>)) . (3.25) 


By (A.3)(i)(ii), 

«/"((, y;: ZD - »/”((, Yf, ZD = - DD 

= p,(»F,“-D“ + y;"-«y,D 

< (1 - «)/3|F,"l + pay:, 

r(t, I'D z?) - 9/”(«, D", ZD < (1 - 9)ar + (1 - omY:\ + -^|9„zd" 


Hence (3.25) gives 

f(t, Yf, z») - ent, y:, zr) - pay: < vr + (i - 9)(a;‘+ 2:\y:\) + _^ i*z,”p 

(3.26) 


To analyze the quadratic term concerning and iV”, we deduce by the same arguments 
as in Theorem 3.11 that 

np\p\i np\p\i 

g^,d{N\ - eg^d{N-)t - —d{5eN), = 5g^d{N\ + g'ld5e{Nr, - —d{6eN^)t 

« g^[d6e{N)^ - Y^d{6eN^),) + 6g^d{N^), 
« 6g^d{N% (3.27) 


Given (3.26) and (3.27), we use an exponential transform which is analogous to that in 
Theorem 3.11. This gives 




t — 


< D'lP^ 


< E 




ye 


2/3IOII 


i-e 


D':p:{\ir\dA. + \sg:\d(N°).) 


T, 


Using logx < a; and yo _ yn y — 0)\Y'^\ + 6eY^, we deduce that 


F°-y"<(i-0 )IF"|T 


1 - 0 . 


-E 


7 


F^F^- 


ye 


2f}\\A\\ 


1-9 


Dnp, 

^ s s 




T, 


Set 


IY{e) := exp 
H"( 0 ) := exp 



> Pt- 
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We then have 




1-e 

7 


E 




76' 


2/3||A|| 


1-9 


-D^A^e) / (|5/:|ci^+|5^7:|ci(iV°),) 




Now we use (A.3)(ii)(iii) to /” and proceed analogously to Theorem 3.11. This gives 




1-9 

7 


E 


D^l 


\9)^ 


^e2/3IAII 

\^D-A-{9) 


{\5f:\dA,+\5g:\d{N^)s) 


Tt 


Though looking symmetric, the two inequalities come from slightly different treatments 
for the ^-difference. The two estimates give 


1-9^ 


|y» - 71 < (1 - 9)(|7| + 171) +-E 


X} 


7 




X} 


+ e2/3||A||E/ (|5/;|d7l, + 






We then prove u.c.p convergence of F” — For any e > 0, 

P(^|W - FY > e) < P 

We aim at showing that each term on the right-hand side of (3.28) converges to 0 if we 
send n to -|-oo first and then 9 to 1. To this end, we give some useful estimates. By 
Chebyshev’s inequality, 

> -) < + (W)*], 

V 3 / 6 

where E[{Yy + (F^)*] is uniformly bounded. Secondly, Doob’s inequality yields 

>-) < (3.29) 

N 3 / 6 

Moreover, by Vitali convergence, the right-hand side of (3.29) satisfies 
limsupE[T)^S^] < supE[(T)")2] ^ ■ limsupE[(S’")2] ^ 

n n 

< supE[(T)”)2]5 -E 

n 

< -l-CXD. 


exp (2762^11^11 |e°|) 


((A:^)* > + p((X2)* > ^) + p((x3)* > 0. (3.28) 
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Hence, the first term and the second term on the right-hand side of (3.28) converge to 0 
as n goes to -|-oo and 9 goes to 1. Finally, we claim that the third term on the right-hand 
side of (3.28) also converges. Indeed, Doob’s inequality and Holder’s inequality give 


f>i{X'^y >-) < 


< 


e 

3e2/3||A|| 


-E 


{\5 f:\dA,+ \6g:\d{N^)s) 


E 


(F)^A”(0))' 


'E 


{\6adA, + \6g^\d{Ny,) 


(3.30) 


Note that 

rT 


'0 


{\d f:\dA, + \Sg:\d{Ny,) < \a\T + |«"|r + 2||H||(y°)* + 7 (Z° ■ M + N^)t. 


Hence the left-hand side of this inequality has finite moments of all orders by Corollary 
3.10. Therefore, the left-hand side of (3.30) converges to 0 as n goes to -|-cxd due to Vital! 
convergence. 

Finally, collecting these convergence results for each term in (3.28) gives the conver¬ 
gence of V" — V°. 

(ii). It remains to prove convergence of the martingale parts. By Ito’s formula. 


E 


(z; - Z°yd{M)yZ^ - Z°) + d{N^ - iV°), 

rT 


< E[lC -^°r] +2E 


2E 


\Y^-Y 


Oi* 


io 

(gViN"). - g“d{N'‘).) 


As before, we conclude by Vital! convergence. 


□ 


3.5 Change of Measure 

We show that given exponential moments integrability, the martingale part Z ■ M + N, 
though not BMO, defines an equivalent change of measure, i.e., its stochastic exponential 
is a strictly positive martingale. We don’t require convexity which ensures uniqueness. 
But to derive the estimate for f{s,Ys,Zs)dAs, we use (A.2") where / is of linear 
growth in y. We keep assuming that P-a.s. \g.\ < The following result comes from 
Mocha and Westray [25]. 


61 


















Theorem 3.14 (Change of Measure) If{f,g,^) satisfies (A.2") and^, \a\T have ex¬ 
ponential moments of all orders, then for any solution {Y, Z, N) such that Y has ex¬ 
ponential moments of all orders and any \q\ > £{q{^Z ■ M + A^)) is a continuous 

martingale. 

Proof. We start by recalling Lemma 1.6. and Lemma 1.7., Kazamaki [21]: if M is a 
martingale such that 


supE 

rST 




>;) {M)r) 


< + 00 , 


(3.31) 


for rj ^ 1, then £{rjM^ is a martingale. Moreover, if (3.31) holds for some g* > 1 then 
it holds for any g G {l,g*). 

By Lemma 3.10 (estimate), Z ■ M + N is a continuous martingale. First of all, we 
apply the above criterion to M := q{Z ■ M + N) for some fixed |g| > Define Itfig) 
such that 

inkfig) ■.= qg{{Z ■ M)t + Nt) + tf{^ - g){Z ■ M + N)t. 

From the BSDE (3.1) and (A.2"), we obtain, for any t ^T, 


111 AAr,) = gr,(y, - Y„ + f (/(s. Y., Z.)dA. + 9 ,ci(JV),)) + n^iZ ■ M + N), 

< (2 + /?|| 2 l||)| 9 | 9 r- + |9|r,|a|T + \q\r,{f- + -{f-ri)){Z-M + N)t. (3.32) 


Note that 

2 + _ 

2 ?7 V2 

Hence for any g > go, (3.32) gives 




> 


1^1 


2 |g| -7 


= Wo >7 


Afig) < exp {\q\g{2 + /?)!; + \q\g\a\T). 


By exponential moments integrability, we have 

supE[A.r(h)] < +00. 

rST 


It then follows from the first statement of the criterion that £{^qg{Z ■ M + Nfij is a 
martingale for all g G [go, oo)\{l}- The second statement ensures that it is a martingale 
for any g > 1. For any |g| > we set |g| G (^, |g|), 7 := | > 1, and apply the result 
above to conclude that £{q{^Z ■ M + 77)) is a martingale. 


□ 
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Chapter 4 


Quadratic Semimartingales with 
Applications to Quadratic BSDEs 

4.1 Preliminaries 

This chapter is a survey of the monotone stability result for quadratic BSDEs studied by 
Barrieu and El Karoui [4] . Roughly speaking, it comes from the stability of quadratic 
semimartingales which are processes characterizing the solutions to BSDEs. We fix 
the time horizon T > 0, and work on a filtered probability space (D, P) 

satisfying the usual conditions of right-continuity and P-completeness. We also assume 
that is the P-completion of the trivial cr-algebra. Any measurability will refer to the 
filtration In particular, Prog denotes the progressive cr-algebra on D x [0,T]. 

We assume the hltration is continuous, in the sense that all local martingales have P- 
a.s. continuous sample paths. As mentioned in the introduction, we exclusively study 
quadratic semimartingales and BSDEs which are M-valued. 

Now we introduce all required notations for this chapter. stands for the strong 
order of nondecreasing processes, stating that the difference is nondecreasing. For any 
random variable or process Y, we say Y has some property if this is true except on a 
P-null subset of D. Hence we omit “P-a.s.” in situations without ambiguity. For any 
random variable X, dehne ||A||^ to be its essential supremum. For any cadlag process 
Y, set W,t := Yt — Yg and Y* := sup^gjo^'r] \Yt\ ; we denote its total variation process by 
|E|.. T stands for the set of all stopping times valued in [0,T] and S denotes the space 
of continuous adapted processes. For later use we specify the following spaces under P. 

• S°°: the space of bounded process Y eS with HEH := ||E*||oo < +C)o; 

• > 1); the set of E G 5 with Y* G L^; 

• Ai: the space of M-valued continuous local martingale; 
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• A4P(p > 1): the set of M G with 


WWm^ ■= (EKM*)”])' < +oo; 


is a Banach space. 

Finally, for any local martingale M, we call {o'n}„gN+ C T a localizing sequence if an 
increases stationarily to T as n goes to +cxd and is a martingale for any n G N’*'. 

4.2 Quadratic Semimartingales 

In this section, we give the notion and characterizations of quadratic semimartingales. 

Q(A, C) Semimartingale. Let K be a continuous seniimartingale with canonical 
decomposition Y. = Yq — A. + M., where A is a continuous adapted process of hnite varia¬ 
tion and M is a continuous local martingale with quadratic variation (M). Moreover, let 
A and C be fixed continuous adapted processes of hnite variation. We call Y a Q(A, C) 
semimartingale if structure condition Q{K,C) holds 


d\A\ < dK+\Y\dC + ]^d{M). 


When there is no ambiguity, Y is also called a Q semimartingale or quadratic semi¬ 
martingale. Obviously, F is a Q(A, C) semimartingale if and only if —Y is a Q(A, C) 
semimartingale. Throughout our study, A and C exclusively denote continuous nonde¬ 
creasing adapted processes in the above form. For any optional process Y, we dehne 



We are about to introduce the optional strong submartingales and their decomposi¬ 


tion which is crucial to the characterizations of quadratic semimartingales. We present 
a general dehnition which doesn’t require the hltration to be continuous. 

Optional Strong Submartingale. An optional process F is a strong submartingale 
if for any r, cr G T with r < a, E[yo-| Jv] > W and W is integrable. 

By Theorem 4, Appendix I, Dellacherie and Meyer [13], every optional strong sub¬ 
martingale is indistinguishable from a ladlag process. Hence we assume without loss of 
generality that all optional strong submartingales are ladlag. We can also dehne a (local) 
optional strong submartingale (respectively supermartingale, martingale) in an obvious 
way. Though not cadlag in general, a local optional strong submartingale also has a 
decomposition of Doob-Meyer’s type called Mertens decomposition] see Appendix I, Del¬ 
lacherie and Meyer [13]. More precisely, if H is a local optional strong submartingale, 
then it admits a unique decomposition Y. = Yq + A. + M.^ where A is a nondecreasing 
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predictable process (which is in general only ladlag) and M is a local martingale. If Y 
is cadlag, Mertens decomposition coincides with Doob-Meyer decomposition. 

We then introduce the following process by using the continuity of the hltration. 

Q Submartingale. We call a semimartingale V a Q submartingale iiY. = Yq — A.+ 
M., where M is a continuous local martingale such that —A + \ {M) is a nondecreasing 
predictable process. 

By Ito’s formula, Y is a Q submartingale if and only if is a 

local optional submartingale. 

For any optional process Y, we dehne the following optional processes 

xYc^Y) ■=Y + A.+ [ \Ys\dC, = Y + D^’^(Y), 

Jo 

:=e^+ [ e^^dAs+ [ |W|dC', = + [ e^^dD^'^{Y). 

Jo Jo Jo 

If A and C are hxed, we set X(Y) := XY^{Y), U{e^) := and D := DY^(Y) = 

when there is no ambiguity. This notation also applies to other processes. 
With the above notions and properties, we prove equivalent characterizations of 
quadratic semimartingales. 

Theorem 4.1 (Equivalent Characterizations) Y is a Q{A^C) semimartingale if and 
only if both X(Y) {respectively U{Y)) and X{—Y) {respectively U{—Y)) are Q sub- 
martingales {respectively local optional strong submartingales). 

Proof, (i). Suppose Y has canonical decomposition Y. = Yq — A. + M.. Hence, 

X.{Y) = Yo- A. + D. + M.. 

By the structure condition Q(A, C), 

-dA > -d\A\ > -dD - ^d(M). 

This implies that —dA+dD+)^{M) 3> 0. Hence by dehnition X(y) is a Q submartingale. 
X{—Y) being also a Q submartingale is immediate since —Y is a Q(A, C) semimartingale, 
(ii). <^=. Suppose X{Y) and X{—Y) admit the following decomposition 

X.{Y) =Yo-A. + M., 

X.{-Y) = -Yo-A+M., 

where — A + |(M) and — A + ^(M) are nondecreasing and predictable. Hence —AA and 
—AA are nonnegative. Moreover, the process 

2D. = X.{Y) + X.{-Y) = -A. -A+M. + M. (4.1) 
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is of finite variation. Therefore M + M = 0 and (M) = ( M) . On the other hand, the 
continnity of D implies that A(—A — ^) = 0. A combination of this fact and —AA, 
—AA > 0 thus shows that AA = 0 and AA = 0. Hence H is a continuous semimartingale 
with canonical decomposition 


X.{Y)-Xi-Y) 

2 


To - A + M., 


where —A := It thus remains to show that A satisfies the structure condition 

Q(A,0). From (4.1) we obtain 


2dD + d{M) 


-dA + -d{M) 


+ 


—V-“ 

>0 


^ ■ V 

>0 


By Radon-Nikodym theorem there exists a predictable process a valued in [0,1] such 
that 

d(-A+^(M)) = ad{2D + (M)), 
d(^- A+^(M)^ = {l-a)d{2D + (M)). 

This gives 

-dA = {2a - l)d{D + ^(M)). 

Hence 

d|A| < dD+^d(M). 

(iii). It remains to prove the rest statement. Suppose Y is Q{A,C) semimartingale, 
then U{e^) is a continuous semimartingale. Ito’s formula applied to U{e^) and X.{Y) = 
Y. + D. imply 

dU.{e^) = de^- +e^dD. 

= de^-^^^-^- +e^dD. 

= e-^de^A). 


Hence, U{e^) is a continuous local submartingale by (i). The same arguments also apply 
to U{e~^). For the converse direction, we show analogously to (ii) that H is a continuous 
semimartingale by Mertens decomposition of U{e^) and f/(e“^). Therefore, X{Y) and 
X{—Y) are both continuous semimartingales. Again Ito’s formula used to e^A) gives 

de^A)=e^df/.(e^). 
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Hence X{Y) is Q submartingale. The same arguments also apply to X{—Y). Finally by 
(ii) we conclude that Y is Q{A,C) semimartingale. 


□ 


For later use, for any optional process Y, we dehne 

X^’^{Y) :=e^iK|+ [ e^^dA.,. 

Jo 

Sometimes only the terminal value of this process matters. Hence we use the same 
notation X^’^ to dehne, for any J^y-measurable random variable S, 

X^’'^(|S|) := + [ e^^dAs. 

Jo 

Proposition 4.2 IfY is a Q{A,C) semimartingale, then X{Y) is a continuous Q sub¬ 
martingale. 

Proof. By Ito’s formula, 

dX{Y) = e^(^\Y\dC + dA- sgn{Y)dA + sgn{Y)dM + dL{Y)^ 

= (^D — sg-n.{Y)dA + dL{Y)^ + e'^ sgn{Y)dM, 

where L{Y) is the local time of Y at 0. By the structure condition Q{A,C), X{Y) is a 
continuous Q submartingale. 


□ 


Analogously we deduce that 

ru 

e^AsdA^ = ■ (X.{Y) - / (4.2) 

Jo 

is a Q submartingale on [u,T] starting from ly^l if we view u G [0,T] as the intial time. 



4.3 Stability of Quadratic Semimartingales 

Let us turn to the main study of this chapter; stability of quadratic semimartingales. 
To this end, we give some estimates used later to prove the convergence of quadratic 
semimartingales, their martingale parts and hnite variation parts in suitable spaces. 
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Observe that the nonadapted continuous process dehned by 



is a positive decreasing solution to the ODE 

d(j)t = —{dAt + \(j)t\dCt), 00 = AIt{\Yt\), 4>t = Ihrl- 
By differentiating e'^' we obtain 

e‘^°=e'^ + f e'^^dAsA [ . (4.3) 

Jo Jo 

"-V-' 

Let us make the following standing assumption for the estimations. 

Assumption. For a Q{A,C) semimartingale Y, set exp (X0 (Idrl)) G and 
define <h^’^(|yr|) :=E[exp {<pAC^\Y t\))\J^.]. 

Theorem 4.3 Set (0, <h) := (0'^’^(|yT|), <h^’^(|kr|)). 

(i) ^ is a continuous positive supermartingale of class V with canonical decomposition 

<h. = —A^ + , where is a continuous martingale and ^sdAg + 

/q E [ exp(0J1001 dCs . 

(ii) = <h. + Jq ^sdAg + ln(<hs)(iOs is a continuous positive supermartingale 

of class V with canonical decomposition 17. (*h) = —A^ + , where 

and A^ = (E[exp(0s)|00 - ^s^T^{^s))dCs. 

(iii) If in addition exp(|K|) < <h., then the processes U{e^) and U{e~"^) are continuous 
submartingales of class V dominated by U{^). 

Proof, (i). For any T,a E T, t < a, (j). being decreasing yields 

E[exp(0o)|Jv] > E[exp(0^)| JV] = > E[E[exp(0„)| Jk] |Jv] =E[$^|JV]. 

Hence $ is a super mart ingale of class T> which is also the optional projection of exp(0.). 
Moreover, since A and C are continuous, nondecreasing and adapted, the dual predictable 
projection of A'l’ in (4.3) is A^ with —= 0. Hence M := E[Af — = 

E[Af-is a martingale. Hence (4.3) gives 

E[exp(0o)|Xt] = + E[At\j^t] =^t + Mt + Af. 

Then (i) is immediate by setting := E[exp(0o)|X.] — M.. The continuity simply 
comes from the continuity of A'*’ and M*. 
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(ii) . By (i), U{^) is a continuous positive seniiniartingale with canonical decomposi¬ 
tion [/.($) = + where and (E[e'^-|0,|| J',] -ln(<h,))dC',. 

By Jensen’s inequality, A^ is nondecreasing, hence U.{^) is a supermartingale. The class 
V property comes from the fact that f/(*h) is dominated by 

(iii) . This directly comes from eTI < (ii) and characterizations of Q(A, C) semi¬ 
martingales (Theorem 4.1). 


□ 


Remark. A sufficient and necessary condition to verify < <h. in Theorem 4.3(iii) 
is that exp(X(F)) is of class V. Indeed, if exp(X(F)) is of class "D, exp(|K|) < d*. is 
immediate from the Q submartingale property in (4.2). For the converse direction we 
assume exp(|K|) < 4). = E[exp(0.)|j^.]. Taking power e^' on both sides, using Jensen’s 
inequality to the right-hand side and finally multiplying both sides by exp ( e^^dAg) 
yields exp(X.(y')) < E[exp(0o)|-^-] • Hence exp(X(y')) is of class V. 

In applications < 4). is natural and often satisfied. For example, in BSDE 
framework, < 4>. can be seen as an estimate for the solution process Y. 

If S is a J^T-nieasurable random variable such that exp [Xrp' (|S|)) G L^, then The¬ 
orem 4.3 still holds. Hence it is a common property of Q(A, C) semimartingales whose 
terminal values are bounded by |S|. This fact will be used to prove the stability result. 

_^ (J 

Given stronger integrability condition on Xj^' (Ihrl) we can prove a maximal inequal¬ 
ity for Q(A, C) semimartingales. The proof essentially relies on Proposition 4.2 which 
states that X ’ (H) is a Q submartingale dominating Y. To this end we define V’p = 
for p 7 ^ 1 and "01 = a: In a: — a: -|- 1 for x G M"*". 


Lemma 4.4 (Maximal Inequality) Letp > 1. IfY is a Q{A,C) semimartingale such 
that -^p(XT(|Fr|)) G then 
1 

(i) E[exp(py*)]p is dominated by some increasing function of 


E 



exp (Xt(|1t|))) 


(ii) For any 0 < g < 1, E[exp(gy'*)] is dominated by some increasing function of 




exp {Xt{\Yt\)) 


Proof. The proof is based on various maximal inequalities and omitted here since it 
is not relevant to our study of the stability result. For details the reader shall refer to 
Proposition 3.4 and Proposition 3.5, Barrieu and El Karoui [4]. 


□ 
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Given the above estimates we are ready to introduce a stable family of quadratic 
semimartingales. The stability result consists in proving convergence of quadratic semi¬ 
martingales, their finite variation parts and martingale parts. 

i5q(|S|,A,G) Class. Let S be a J^T-nieasurable random variable with exp (X^dSD) G 
L^. Define iSq(|S|, A, C) to be the set of Q(A, C) semimartingales Y with \Yt\ < |S| such 
that exp(|Y!|) < <f).(|Tr|). By the remark after Theorem 4.3, this inequality is equivalent 
to exp (X.(F)) being of class V. Define P := {p G : E[exp (pX^dSl))] < -|-cxd} 
and p* := supP. It is obvious that 1 G P and p* > 1. 

To prepare for the stability result, we give some estimates for the finite variation 
parts and the martingale parts in the next two lemmas. 

Lemma 4.5 (Estimate) LetY G iSQdH|,A,C) with canonical decomposition Y. = Yq — 
A. + M.. Set (XT,<h) := (X^’^^dHl), $^’^dH|)). 

(i) For any r ^ T, 

-E[{M)r,T\j^T] < < E[exp(XT)I{r<T}|-^r] • 

In particular, 

E[{M)t] < 2E[exp(XT)]. 

(ii) //$. is hounded, then M is a BMO martingale. 

(iii) For any p G P fl [1, +oo), M G with 

E[{Mfj,] < (2p)PE[exp(pXr)]. 


Proof, (i). Define u{x) := — x — 1. Hence, u{x) > 0,u'{x) > 0 and u"{x) > 1 for 

X > 0; M G C^(M) and u" — u' = 1. For any T,a E T, Ito’s formula and the structure 
condition Q(A, C) yield 

l{M)r^„,,<u{\Y„\)-u{\Y,^,\)+ r u\\Ys\)dD,,- r u\\Y,\)dM,,. 

^ J rAfJ J tAo- 

exp (X. ’ (y)) being of class V implies that expdy|) is of class T). To eliminate local 
martingale we replace a by its localizing sequence. By Fatou’s lemma and class V 
property of expdK|), 


1 

2 


E[(M).,t|A.] <E u{\Yt\) 


u{\Y,\)+ u'i\Y,\)dD, 




By n'dni) < expdni) < < <f>., 


u'{\Y,\)dD,< / <F A + $, ln(<F.)dC', 
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Since U.{^) = $. + fg ^sdAg + fg ^sln(^s)dCs is a supermartingale by Theorem 4.3(ii), 


1 

2 


<Eu{\Yt\) 


n(|K|)+/ <!>JAs + <^sH^s)dC, 


J^r 


< E[n(|FT|) - $T - W(IKI) + <^r\j^r] 


< E[exp(Xr)I{r<T}l-^r], 


(4.4) 


where the third inequality is due to ndlrl) < and u{\Yr\) > 0. 

(ii) . This is immediate from (i). 

(iii) . This is immediate from Garsia-Neveu lemma (see Chapter VI, Dellacherie and 
Meyer [13]) applied to (i). 


□ 


Lemma 4.6 (Estimate) LetY G iSq(|5|, A, C) with canonical decomposition Y. = Yq — 
A + M.. Set (Xt.K) := (XV(|S|).>I>*'°(|S|)). 

(i) For any t ^ T, 

E[|Ad,r|-^r] < 2E[exp(XT)I{r<T}|-^r]- 

In particular, 

E[|A|t] < 2E[exp(XT)]. 

(ii) If $ is bounded by cq>, then for any r E T, 

E[|Jv] < 2 C(j). 

(iii) For any p G P fl [1, +C)o), the total variation of A satisfies 

E[\A\lf] < (2p)^>E[exp(pXT)]. 


Proof, (i). By the structure condition Q{A,C), exp(|V|) < 4)., supermartingale prop¬ 
erty of V(4>) and (4.4), we have 


EflAd.TlJ-.] < E[A.,r+ / \Ys\dCs J^r\ + -E[(M).,T|-^r] 


< E 


el^^l(dA, + \Y,\dCs) J^r] + 4>4{r<r} 


< E 


^s{dAs + H^s)dCs) Tr + *^Tll{r<T} 


< E[4), - 4>r|j;] +4>4{r<T} 

< 2E[exp(XT)II{r<r}|*^r]- 
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(ii) . This is immediate from (i). 

(iii) . This is immediate from Garsia-Neveu lemma. 


□ 


With the estimates for the finite variation parts and the martingale parts, we are 
ready to prove the stability result. We start by showing that 5 q(|S|,A,C') is stable by 
P-a.s convergence. 

Stability of iSq(|S|, A, G). Let C iS(|S|,A,G) and assume P-a.s. con¬ 

verges to Y. on [0,T] as n goes to -|-cx). By Theorem 4.3(iii), the continuous submartin¬ 
gales U{Y"') and U{—Y'^) are dominated by the positive supermartingale 17(<h(|S|)). 
Hence, by dominated convergence, we can pass the submartingale property to U{Y) 
and U{—Y). Clearly U{Y) and U{—Y) are optional since they are limit of continu¬ 
ous submartingales. Then by characterizations of Q(A, C) semimartingales (Theorem 
4.1), y is a Q{A,C) semimartingale. Moreover, taking the limit also yields \Yt\ < |S| 
and exp(|y|) < 4>.(|yA|). Hence Y G iSq(|S|, A, G). In addition, if the convergence is 
monotone, Dini’s theorem implies that the convergence is P-a.s. uniform on [0,T]. 

Given the estimates for Y'^, JY and M"', the following theorem states that AY and 
M” also converge in suitable spaces. 

Theorem 4.7 (Stability) Let {y"'}neN+ C ‘5 q(|S|,A,G) with canonical decomposition 
W = Yq — A'h + . If Y^ is Cauchy for P-a.s. uniform convergence on [0,T], then 

the limit process Y belongs to 5q(|S|, A,G). Denote its canonical decomposition by Y. = 


Yo-A. + M.. 

(i) For any 1 < p < 2, M” converges to M in 

(ii) Ifp* > 1, then for any 1 < p < p*, converges to M in 

(iii) In both cases, converges at least in 5^ to A. 

Proof, (i). Set 1 < p < 2. Define SY^’"- := Y"^ — Y'^ and (5M™'’", etc. analo¬ 
gously. For each k G hJ'*', set Tk ■= inf {f > 0 : > fc} A T. By Ito’s formula. 



0 


\6Yf^’^\d\6A 


S 


+ 2 


/ 



By Davis-Burkholder-Gundy inequality and Cauchy-Schwartz inequality. 



< -fcx). 
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Here c{p) denotes the constant from Davis-Burkholder-Gnndy inequality which only 

depends on p. Using ab < we obtain by transferring to the left- 

hand side and Fatou’s lemma that 





By Lemma 4.6(i), E[|5 H™'’"'|t] is uniformly bounded. Moreover, Lemma 4.4(ii) implies 
by de la Vallee-Poussin criterion that for any r > 0, is uniformly integrable. 

Hence Vital! convergence implies that is Cauchy in The A^^-limit of 

coincides with M since the canonical decomposition of Y is unique. 

(ii). For any any T,a E T, Ito’s formula yields 

+ {5M^'^)rAa,a = + 2 f 5 

J tA<j 

\6YA''"\d\6A^’^\s-2 j 6YA'^d6MA^. 

J rAfJ 

To eliminate the local martingale we replace a by its localizing sequence. Then Fatou’s 
lemma yields 


< {{ 5 Y^'yf + 2 


E[{5M^’'^)r,T\Ar] <E + 




For any p such that 1 < p < p*, we can find e > 0 such that l<p<p-t-e<p*. By 
Garsia-Neveu lemma and Holder inequality, the above estimate gives 


E[{5M^'AV\ < + {5Y^''^y\5A^AT 

< pP2P-^ (E[{{SY^’A*f^] +E[{{6Y^'^y)P\6A^AT] 

< pP2P-^ (E[{{6Y^A*f^] +E[((5V”^’”)*)^]’^E[|5H™’’"|^+^]^ 


Since p-|-e < p*, is uniformly bounded due to Lemma 4.6 (hi). Hence Vital! 

convergence gives the result. 

(hi). This is immediate from (i)(ii). 


□ 

Remark. The case where p = 1 in Theorem 4.7(i) is also a consequence of Barlow and 
Protter [2] which proves convergence of the martingale parts in A4^ for semimartingales. 
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4.4 Applications to Quadratic BSDEs 


Based on the stability result of quadratic seniiniartingales obtaind in Section 4.3, we 
study the corresponding monotone stability result for quadratic BSDEs. Here we con¬ 
tinue with the continuous semimartingale setting in Chapter 3. 

Recall that the BSDE is written as follows 

Y = Yo- [ {{f{s,Y,,Z,)dAs + gsd{N),)+ [ {ZJM^ + dN,), Yt = ^, (4.5) 

Jo Jo 

'' -"-yr-' 

:= A. := M. 

where Y. = Yq — A. + M. is the canonical decomposition. Without loss of generality we 
assume P-a.s. \g.\ < Let a be an M-valued Prog-measurable process and /3 > 0. If the 
structure condition 

\f{t,y,z)\ < at + l3\y\ + (4.6) 

holds, then 

1/(^5 Yt, Zt)\dAt (^at + /3\Yt\ + -\XtZt\'^'^dAt 

= At -|- jl^ldCt -|- 2^{Z ■ Af)t, 

where A := a ■ A, C := 13A. Hence 

d\A\ <^A+\Y\dC+^d{M). 

Thus if {Y,Z,N) is a solution to (4.5) which satisfies (4.6), then H is a Q{A,C) semi¬ 
martingale. This motivates us to convert the machinery of quadratic semimartingales 
into a monotone stability result for quadratic BSDEs. 

Proposition 4.8 (Monotone Stability) Let (E"', Z", iV"') be solutions to (/", 5'"', ^"') 
for each n G N"*", respectively, and Y^ be a monotone sequence in 5q(|S|,A,C') which 
converges P-a.s. to Y. Denote their canonical decomposition by E"' = Yq — H" -f M"', 
where M"' = Z^ ■ M + N^. 

(i) Then Y G 5q(|S|,A,C') and the convergence is P-a.s. uniform on [0,T]. Denote 
its canonical decomposition by Y^:= Yq — A. + M. Then Mf^onverges in JW to M 
for any 1 <p <2. Moreover, M admits a decomposition M = Z ■ M + N. 

(ii) If (/”,(7"',C”) satisfies (4.6) and P-a.s. for any t G [0,T], y'^ —>■ y, —)■ z 

/”(t, yn, Zn) —^ f{t, y, z) and g^ —^ gt, then (E, Z, N) solves (/, g, hm„ ^^). 
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Proof, (i). This is immediate from the stability result of 5 q(A,C', |S|) and Theorem 

(ii). Given the convergence of P"' and M"’, it remains to prove converges u.c.p to 
A, which consists of proving 


j S’) 


/ g^d{N^)s^ / gsd{N),, / r{s,Y;,Z:)dAs^ 

Jo Jo Jo 

u.c.p. as n goes to +cxd. To prove the hrst convergence result, Kunita-Watanabe in¬ 
equality and Cauchy-Schwartz inequality yield 


E 


< E 


{g^sd{Nns-gsd{N)s) 

C \g:\d\{N-) - {N)l 


+ E 


< ^E[(iV" - iV)|] 5E[(Ar« + iV)|] ^ + E 


\g:-gs\d{N)^ 


\g:-gs\d{N)^ 


By Lemma 4.5(i), E[(iV" -f N)^'j ^ is uniformly bounded. By Theorem 4.7(i), con¬ 
verges to in For the second term, we use dominated convergence. 

To prove the second convergence result in (4.7), we use a localization procedure. 
Note that T. := E[exp (0o(S))|j^.] is a continuous martingale due to the continuity of 
the hltration. For each n G N"*", define ak ■= inf > 0 : T* > fc}. The definition of 
5 q(|S|,A, G) then implies that exp(F)(^^) < <F.Acrj. < 4 /.ao-j, < k. Secondly, by Lemma 
4.5(i), M” and hence Z^-M are uniformly bounded in A4^. Moreover, since M” converges 
to M in by Theorem 4.7(i), we can assume Z"' converges to Z d{M) ® dP-a.e. and 


E 



sup \Z'^\‘^d{M)s 


< + 00 , 


by substracting a subsequence; see Lemma 2.5, Kobylanski [22]. By dominated conver¬ 
gence, |/”(s,y;^,Z") - f{s,Ys,Zs)\dAs converges to 0 as n goes to -|-oo. Hence the 
second convergence result in (4.7) is immediate. 


□ 

The stability result in this section gives a forward point of view to answer the question 
of convergence. In contrast to Kobylanski [22], it allows unboundedness and proves the 
stability of 5 q(A,G, |S|) which is later used to show Ad^(p > 1) convergence of the 
martingale parts. Nevertheless the structure condition Q{A,C) requires a linear growth 
in y which is crucial to the estimate for the finite variation parts; see Lemma 4.6. Hence, 
given general growth conditions (see, e.g., Briand and Hu [9] or Section 3.3, 3.4) where 
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the estimate for A is not available, it is more difficult to derive the stability result with 
the help of quadratic semimartingales. 

To end this section we give an existence example where boundedness as required by 
classic existence results is no longer needed. 

Existence: an Example. Let the BSDE (/, 0, satisfy (4.6) and exp (-^^*"(1^1)) ^ 
L^. We show that there exists a solution to (/, 0,^) by Proposition 4.8 (monotone 
stability). For each n,k E dehne 

M {f+{t,y',z') +n\y -y'\ + n\Xt{z - z')\} 

y',z' 

- + + k\Xt{z - z')\}. 

y',z' 

By Lepeltier and San Martin [23], satishes (4.6) and is Lipschitz-continuous in 

(l/, 2 ;). Moreover, exp (I'd)) ^ implies d I<^|t £ Hence, by El Karoui and 
Huang [15], there exists a unique solution ^ to (/”’^,0,(^). To prove 

Yn,k ^ SqIa,C, 1.^1), it remains to show exp(|F"'’^|) < $.(|,^”’^|). First of all we assume 
Xrp’ (Id) is bounded. Then is bounded and this inequality holds due to the class TX 
property of X ’ Note that the above inequality is stable when taking the limit 

in X^’*"(|d), hence the inequality also holds for with exp '"(|d)) E L^. 

Given C 5q(A,G, |d), we are ready to construct a solution by a double 

approximation procedure. By comparison theorem, is decreasing in k and increasing 
in n. Now we hx n. exp(|E"'’^|) < <h.(|^"'’^|) < ‘h.(ld) implies that the limit of as k 
goes to +00 exists. We then use Proposition 4.8 to deduce the existence of a solution to 
(/"'’“, 0,d- We denote it by Thanks to the convergence of E""’^ we 

can pass the comparison property to Y^’°°. By exactly the same arguments as above, 
we construct a solution to (/, 0, which is the limit of (E”’“, as n goes to 

+CXD in the sense of Proposition 4.8 (i). 
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